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Abstract
Business processes are usually executed for different process execution classes, e.g., customer types (silver, gold, platinum) in financial service and these execution class information is stored in event data. Commonly, processes executed for different execution
classes are typically different. Capturing and comparing the similarity among these typical process executions under user-selected execution classes is important to understand
the complete process. However, in many cases, the number of execution classes is too large
to compare them manually. Moreover, existing trace clustering techniques do not take the
execution class information into account and are merely trace-based. Therefore, in this
thesis, we propose an attribute-driven hierarchical clustering framework that allows us to
compare the behavioral difference among sets of cases on the basis of user-specified case
attributes. Furthermore, we evaluate several different behavior-driven similarity measures
in our framework with both synthetic data and real-life data sets. The obtained results
show that by clustering, the models discovered from the clustered group of cases are of
better quality than the model discovered on the basis of the complete log.
Key words: Process mining, Trace clustering, Process similarity, Process comparison.
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Chapter 1

Introduction
Nowadays, organizations across all fields, from government, finance, education to industry
and research, execute processes and generate data during daily operations. With the help
of the information systems, e.g., enterprise resource planning (ERP) systems, such execution data are stored for future analysis and improvements. Process mining, a relatively
new discipline that bridges the gap between data science and process science [1], aims
to derive valuable insights from these process execution data and enables further process
improvements based on the process execution data recorded in the information systems.
In the context of process mining, these process execution data are called event data, which
record process-related information in every execution step and improves the understanding
of end-to-end processes. For example, event data contains information about the resources
executing different processes as well as attributes separating different process executions,
and such information allows us to analyze event data in various dimensions.
Process mining contains three main domains, i.e., process discovery, conformance checking
and process enhancement [1]. Process discovery constructs process models from event
logs, in order to understand the execution behavior of processes in a better way. Most
of the process discovery techniques focus on control-flow perspectives, which describes
the execution activity flow of processes. But process discovery also extends to other
perspectives of event logs, e.g., the organizational perspective, including social networks,
which describe the relationships among different resources inside the processes as recorded
in the logs. Conformance checking analyzes deviations between a process model and
observed behavior inside an event log. Process enhancement improves existing process
models with additional data perspectives or repairs existing process models so that they
describe observed behaviors in event logs more accurately. In the context of this thesis, our
work strongly relates to the first sub-domain process discovery, i.e., we intend to construct
process models in a clear and comprehensive way.
Process discovery techniques aim to offer us a better understanding of event data by
constructing a process model. However, lots of real-life event data nowadays are extracted
from highly flexible environments, i.e., they are usually combinations of various classes
of process behaviors. Moreover, process discovery techniques have difficulties in dealing
with complex event data containing a high variety of process behaviors. In this case, the
process model generated from complex event data is usually a spaghetti-like process model,
which is hard and sometimes impossible to comprehend and understand. One example
1
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to illustrate this problem is the Order to Cash (O2C) process. The O2C process covers
all the processes to deal with customer orders, i.e., from ’customer create an order’ to
the point where final payment arrives at the vendor’s account. In the O2C event data,
different process execution classes, e.g., customers in platinum, gold, or silver class, have
different and independent purchase behaviors, and complete event data merges all of these
different behaviors together. Process discovery techniques transform the complex event
data containing different process behaviors into one spaghetti-like process, In this case, it’s
more comprehensive that multiple process models containing different classes of process
behaviors are clustered and discovered respectively.
In this thesis work, we are particularly interested in the process behaviors under certain
different process execution classes, e.g., the process behaviors of different customer levels
in the O2C process. Our solution is to separate and then cluster homogeneous subsets of
cases (sublogs) under the different process execution classes, such that each subset of cases
(sublog) contains homogeneous process behavior, and then we compare the corresponding
process models to understand the typical process behaviors under these process execution classes. Therefore, the understandability and comprehensibility of process models are
highly improved, comparing to the spaghetti-like process model from complete event data.
Figure 1.1 illustrates the clustering of event log. On the top of Figure 1.1 is the original
complex event log and corresponding spaghetti-like process model, and on the bottom of
it are several sublogs (subsets of cases), which represent different classes of behaviors embedded inside the original event data. It is obvious that the clustering of event log reduces
the complexity of process models, and in the meanwhile, improves the comprehensibility
of models from sublogs.
In the remainder of this chapter, we first conduct a simple case study to motivate our
technique, and then we illustrate the research problem and questions we focus on together
with the corresponding research goals to solve them. Afterwards, the contributions of this
thesis work and detailed structure are introduced.

Figure 1.1: Illustration of event log clustering in process mining
2
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1.1

Motivation

It is reasonable for us to assume that the process execution behaviors under different
process execution classes are distinguishable. In the context of process mining, the set of
cases under certain case attribute values behave differently, e.g., platinum, gold, or silver
level under attribute customer level. The core concern is to understand the similarity
of process model behaviors under these user-interested execution types by clustering and
comparison. For example, the company wants to discover the difference in purchase behaviors of different customer levels, e.g., platinum, gold, and silver. In such a case, we split
the event log based on the case attribute: customer level, and directly compare process
models generated from these three sublogs manually.
However, for real-life event data, it is often the case that the number of case attribute
values (the number of execution class) is so large that it is impossible to directly compare
the process models from these large number of sublogs manually. Therefore, after slicing
the complete event log based on a case attribute, it is necessary to cluster similar sublogs,
which contain similar process execution behaviors into the same cluster. The final number
of clusters can then be used to generate comprehensive process models, in order to make
further manual comparison possible such that we understand process behaviors under
corresponding case attribute in a better way.
As an example, we use artificial event data adopted from financial loan application [2] to
illustrate the idea. This event data describes the loan application procedures of customers
with different credit scores and the company is interested in distinguishing the different
loan application behaviors of customers under the case attribute: credit score. In this way,
the company can identify multiple customer levels, e.g., platinum, gold, silver customers,
based on the process behaviors captured by event data clustering. As shown in Figure 1.2,
There exists a large number of credit score values under this case attribute, and each credit
score value corresponds to one set of traces (sublog) representing its individual process
execution behavior (loan application process in this log). Therefore, it is not feasible to
directly compare all the process models from the initial case attribute values manually.
Grouping sublogs containing similar behavior into one cluster is necessary to understand
the processes. As illustrated in Figure 1.2, process executions under credit score 30000
and 10000 share quite similar behaviors, they both contain sequential traces end with
Offer_Accepted. Similarly, process executions (sequence) under score 2000 and 1000 have
commonality, i.e., they are first validated then returned, and the only difference is the final
activity. Therefore, after discovering the similarity among sublogs, it is meaningful to

Figure 1.2: Event data clustering in loan application. Here we only explicitly show two
clusters and corresponding models as examples.
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merge the first two subsets into cluster 1, the second two subsets into cluster 2, and so on.
In the final stage, we have three subsets such that two simple and comprehensive process
models are established and the company can also set meaningful credit levels (platinum,
gold and etc.) based on case attributes.
To summarize, applying event log clustering techniques before process discovery has two
benefits. First, in the context of process mining, clustering of similar sublogs belonging to
different behavioral classes returns us countable simple and comprehensive process models
at the final stage. This makes further manual process model comparison possible. Second,
in the view of real business, event data clustering allows the company to understand the
difference in application behaviors of customers with different credit scores, therefore,
they can merge similar departments based on the derived credit levels. From a business
perspective, event data clustering makes processes from different categories understandable
and saves lots of human and resource efforts for the business.

1.2

Research Questions

In this section, the main research problem and specific questions are presented. As described above, we are interested in comparing the behavioral difference of different processes executed by various process execution classes under the user-interested case attribute. The main problem is that when the number of classes is too large to conduct
manual comparison directly, how can we effectively capture the difference among these
processes and group them based on their similarity with the help of clustering techniques
such that comprehensive processes are derived. And this research problem can be decomposed into several specific questions:
1. How many ways are there to define the similarity between sets of cases (sublogs)?
2. Which perspective of similarity should we focus on?
3. How to adapt the conventional hierarchical clustering to the context of event log
clustering?
4. How to evaluate the clustering results, i.e., how to prove that the quality of process
models are improved after clustering?

1.3

Research Goals and Contributions

The goal of this research is to propose a general framework that realizes the hierarchical clustering of event data based on the selected case attribute. We first illustrate the
research goals regarding questions we raised. Afterwards, the main contributions are presented.

1.3.1

Research Goals

We illustrate our research goals along with the specific research questions mentioned
above:
1. There are a huge number of dimensions to define the case similarity because the case
has various perspectives. We focus on the control-flow perspective of event data and
4
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calculate the behavioral similarity of cases, i.e., our technique measure the similarity
between the group of traces.
2. Existing hierarchical clustering techniques are adaptive to event logs to some extent,
and we also propose a specific criterion to conduct clustering in a more accurate way.
3. We evaluate the clustering results both qualitatively and quantitatively. Qualitatively, we assess the clustering steps with visual representations. Quantitatively, we
measure and compare the average process model quality by some commonly-used
criteria.

1.3.2

Contributions

The main contributions of this thesis are that first, we construct a general framework
that enables the case-attribute-driven hierarchical clustering, and second, we build a userinteractive tool implementation that is publicly available for users. With the user-defined
case attribute, our technique aims to develop algorithms to calculate similarity and then
cluster sublogs sharing similar process behaviors together. With the final clustered sublogs,
users can understand typical process behaviors under certain selected attribute in given
event data in a comprehensive way. The general framework shown in Figure 1.3 is decomposed of the following detailed parts:
1. The original event data is sliced into multiple sublogs based on the user-selected case
attribute.
2. Multiple measures are proposed to calculate the behavioral similarity among different
sublogs sliced from the complete log.
3. An agglomerative hierarchical clustering approach is conducted to group similar
sublogs into clusters, starting from the most similar sublogs.
4. Process discovery technique is applied for the purpose of model evaluation. The
model quality of each hierarchical level is evaluated compared to the model quality
of the complete event log.

Figure 1.3: General framework of attribute-driven hierarchical clustering of event data
5
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1.4

Thesis Structure

In this section, we present an outline for the remainder of this thesis. In Chapter 2, general definitions and concepts related to this thesis work are introduced. In Chapter 3,
related work in event data clustering is presented, especially trace clustering techniques is
categorized systematically. In Chapter 4, the general framework including distance (dissimilarity) measure methods and hierarchical clustering algorithms are presented. The
distance measure approaches are mainly decomposed into two categories, inter-trace methods, and inter-cluster method. Chapter 5 introduces the implementation and usage of the
approaches and the user-interactive, web-based tool implementation. Chapter 6 conducts
evaluation both on synthetic event data and a large number of real-life event data. Finally,
Chapter 7 concludes this thesis and present possible future work in the direction of event
data clustering.

6

Chapter 2

Preliminaries
In this chapter, we introduce multiple definitions and notations that we in this thesis. First,
basic mathematical concepts are presented. Second, concepts related to process mining
are introduced. Afterwards, definitions about hierarchical clustering are presented.

2.1

Basic Mathematical Concepts

In this section, we present basic mathematical concepts that are commonly used in the
field of process mining and computer science in general. The goal is to familiarize the
readers with the notations in this thesis.

2.1.1

Sets and Sequences

Definition 2.1 (Set). A set is a collection of distinct elements. The elements in a set
can be of an arbitrary type, e.g., natural numbers or the activities of a case. For example,
{x1 , x2 , x3 } is a set containing elements x1 , x2 , x3 .
Given two sets X, Y ,
• Set X = {x1 , x2 , ..., xn } has n elements, and the size of X is presented as |X|,
therefore |X| = n.
• ∅ denotes the empty set.
• X∪Y denotes the union of X and Y , i.e., X∪Y = {x | x∈X∨x∈Y }. X∩Y denotes
the intersection of X and Y , i.e., X∩Y = {x | x∈X∧x∈Y }.
• X⊆Y denotes X is a subset of Y ⇔X∩Y = X.
• P(X) denotes the power set of set X, i.e., P(X) = {Y | Y ⊆ X}. For instance,
given X = {x1 , x2 }, then P(X) = {∅, {x1 }, {x2 }, {x1 , x2 }}
Set N = {1, 2, 3, ...} denotes natural numbers, and N0 := N∪{0}.
Definition 2.2 (Function [3]). f is a (total) function for mapping X to Y, i.e., f : X→Y .
dom(f ) = X, domain of f equals with X and range rng(f ) = {f (x) | x∈X}⊆Y .
Definition 2.3 (Partition [4]). A partition of a set X is a set of nonempty subsets of X
s.t., every element x in X is in exactly one of these subsets. Hence, a partition is mutual
7
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exclusive (no element is in more than one subset) and jointly exhaustive (every element is
in one subset). Mathematically, partition P(X)⊆P(X), s.t.:
•

S

X 0 ∈P(X) X

0

= X, ∀X 0 ∈P(X)(X 0 6=∅).

00

00

• ∀X 0 6=X ∈P(X), X 0 ∩X = ∅.
For example, a partition over set X = {x1 , x2 , x3 , x4 } could be P(X) = {{x1 }, {x2 , x3 }, {x4 }}.
Definition 2.4 (Multiset [3]). A multiset over set X is a collection of elements in X,
where elements can appear multiple times. A multiset b is a function b : X→N0 , which
maps each element to its number of occurrences in the multiset, i.e., b(x) denotes the
number of times element x∈X appears in b. A compact expression of a multiset is written
b(x ) b(x )
b(x )
as [x1 1 , x2 2 , ..., xn n ], where xi ∈X, b(xi ) > 0 for i∈{1, 2, ..., |X|}. Besides B(X) :=
{b | b : X→N0 } denotes all possible multisets over set X.
For example, given set X = {x1 , x2 }, [x21 , x2 ] is a multiset containing element x1 2 times
and element x2 once.
Definition 2.5 (Sequence). A sequence of length n over set X is an enumerated ordered
collection of elements, which is defined as a function σ : {1, 2, ..., n}→X. we write σ =
hσ1 , σ2 , ..., σn i and length |σ| = n.
• hi denotes the empty sequence.
• X ∗ denotes the set of all possible sequences over X of arbitrary length. For example,
X = {x1 , x2 }, then X ∗ = {hi, hx1 i, hx2 i, hx1 , x2 i, hx1 , x2 , x1 i, ...}.

2.1.2

Graph and Trees

Definition 2.6 (Graph). A graph is an ordered pair G = (V, E) compromising [5]:
• V is a set of vertices (nodes).
• E ⊆ {{vi , vj } | vi , vj ∈V ∧vi 6= vj } is a set of edges, which are unordered pairs of
distinct vertices, i.e., one edge possesses two distinct vertices.
A cyclic graph is a graph containing at least one cycle, i.e., there exists a set of edges
in which the only repeated vertices are the first and last vertices. For example, G1 in
Figure 2.1a has a cycle {(v1 , v2 ), (v2 , v3 ), (v3 , v1 )}. A graph that is not cyclic is said to be
acyclic.
Directed graph is a graph with ordered pairs of arcs E, and we write arcs pair as (vi , vj )

v1

v2

v1

v3

(a) Directed cyclic graph G1 =
({v1 , v2 , v3 }, {(v1 , v2 ), (v2 , v3 ), (v3 , v1 )})

v2

v3

(b) Directed acyclic graph G2 =
({v1 , v2 , v3 }, {(v1 , v2 ), (v2 , v3 ), (v1 , v3 )})

Figure 2.1: Two directed graph examples G1 and G2 . G1 is cyclic whereas G2 is acyclic.
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v1

v2

v3

v4

v5

Figure 2.2: Binary tree examples T1 = ({v1 , v2 , v3 , v4 , v5 }, {(v1 , v2 ), (v1 , v3 ), (v2 , v4 ),
(v2 , v5 )}, v1 ), where v1 is the root of T1 .
rather than {vi , vj } since it has orientation. Directed Acyclic Graph (DAG) is a directed
graph with no directed cycles.
Definition 2.7 (Tree). Let V be a set of vertices and E be a set of edges. A tree T = (V, E)
is an undirected connected acyclic graph with no cycle. A rooted tree T = (V, E, v r ) is a
tree, in which one special vertex v r ∈V placed at the top in Figure 2.2 is assigned as the
root of the tree. The edges of a rooted tree contain directions, either point towards or
away from the root and we use arcs to visualize edges of directed rooted tree.
A binary tree is a rooted tree in which each node has at most two children, namely the
left child and the right child.
In the following, we use an example of a directed binary tree T1 = (V, E, v r ) to present
several concepts of tree.
• Root: the root node in a tree. Mathematically, root : T →V , s.t., root(T ) = v r . For
example, root(T1 ) = v1 .
• Child: A node directly connects to the node v when moving away from the root.
Mathematically, children(v) = {v 0 ∈V | (v, v 0 )∈E}, For example, children(v2 ) =
{v4 , v5 }.
• Parent: The node connecting to v, which is closer to the root than v. All nodes except
the root node have a unique parent node, i.e., parent(v) = {v 0 ∈V | (v 0 , v)∈E} and
the root has no parent. For instance, parent(v2 ) = {v1 }.
• Leaf: a leaf is a node without children nodes, i.e., leaf (T ) = {v∈V | children(v) = ∅}.
For instance, leaf nodes of T1 are leaf (T1 ) = {v3 , v4 , v5 }.
• Height: a function height : V → N0 describes the longest length of path (distance)
between that node and corresponding leaf. The leaf node has zero height. For
instance, height(v 1 ) = 2, height(v4 ) = 0.Height of a tree describes the longest
distance between a leaf and the root node. For example, height(T1 ) = 2.

2.1.3

Vectors

v1
 .. 
n
We define ~v ∈R =  .  s.t., v1 , ..., vn ∈R as a n-dimensional column vector. And ~v T ∈Rn
vn
= [v1 , ..., vn ] denotes the transpose of it, which is a row vector.
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Definition 2.8 (Dot Product). Dot product takes two equal-length vectors, i.e., ~v , ~u∈Rn
and returns a number ~v ·~u∈R:
~v ·~u =

n
X

vi ui

(2.1)

i=1

Definition 2.9 (Norm). The Euclidean norm (or L2-norm or magnitude or length) of a
n-dimensional vector ~v ∈Rn is the dot product of the vector with itself, i.e.,
v

u n
√
uX
||~v || = ~v ·~v = t vi2

(2.2)

i=1

Moreover, from a geometric perspective, the dot product is also defined as the product of
magnitudes of two vectors together with cosine of the angle θ between them.
~v ·~u = ||~v || ||~u|| cos θ

(2.3)

where θ is the angle between vector ~v and ~u.
Definition 2.10 (Cosine Similarity). Cosine Similarity is defined as a measure of similarity that calculate the cosine of the angle between two non-zero vectors, i.e.,
n
vi ui
~v · ~u
= qP i=1qP
n
n
||~v || ||~u||
2
2
i=1 vi
i=1 ui

P

sim(~v , ~u) = cos θ =

2.1.4

(2.4)

Matrices

Definition 2.11 (Matrix). A matrix A of dimension m × n is a rectangular array in R
with m rows and n columns, i.e., A∈Rm×n :


a1,1

 a2,1
A=
 ..
 .

a1,2
a2,2

...
...



a1,n
a2,n 


am,1 am,2 ... am,n

 or



A = [ai,j ], ∀i = 1, 2, ..., m, j = 1, 2, ..., n.

(2.5)

ai,j refers to the element of matrix A, i.e., the value in the ith row and the j th column.
We can observe that an n × 1 matrix is a column vector ~v ∈Rn , as well as a 1 × n matrix
is a row vector.

2.2

Distance Concepts

In this section, we first introduce the general definition of a distance metric and the
properties that one distance metric should satisfy. Then, we present one of the most
common syntactic distance metrics, Levenshtein distance.
A distance metric is a function defines a distance between any pair of elements of a set
[6]. In the context of process mining, a trace distance metric is a function that defines the
distance between any pair of traces of an event log.
10
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Definition 2.12 (Trace Distance Metric). Let A∗ be the set of all activity sequences, let
trace σ1 , σ2 , σ3 ∈A∗ , a trace distance metric dσ on a set A∗ is a function: dσ : A∗ × A∗ →
[0, ∞), where [0, ∞) is the set of all non-negative real numbers R.
The set A∗ with a distance metric dσ becomes a metric space if the following properties
holds ∀σ1 , σ2 , σ3 ∈A∗ [6]:
• Property 1: dσ (σ1 , σ2 ) > 0 (non-negativity)
• Property 2: dσ (σ1 , σ2 ) = dσ (σ2 , σ1 ) (symmetry)
• Property 3: dσ (σ1 , σ2 ) = 0 ⇔ σ1 = σ2 (identity of indiscernibles)
• Property 4: dσ (σ1 , σ3 ) 6 dσ (σ1 , σ2 ) + dσ (σ2 , σ3 ) (triangle inequality)

2.2.1

Levenshtein Distance

Levenshtein distance (or edit distance) between two sequences is defined as the minimal
number of edit operations needed to transform one sequence to the other in terms of
operations substitution, insertion or deletion [7]. Let A∗ be the set of all possible sequences
of activities in A, then Levenshtein distance is a distance function dL : A∗ × A∗ → [0, ∞).
Large distance value denotes the distance between two traces are large. For example,
we have two traces σ1 = ha, b, c, e, f i and σ2 = ha, b, d, ei. These two sequences share
common activities, e.g., a, b, e, and also contain unique activities. In order to transform
one sequence to the other, a set of edit operations are needed to be done on either one of
the sequences. And there are various possible solutions of transformation. For example,
one can replace activities in σ1 with activities in σ2 or perform combinations of insertion
and deletion. To have a clear representation of transformation, we give mathematical
definition of three edit operations:
Definition 2.13 (Edit Operations [8]). Given two sequences of activities σ1 and σ2 , we
have ∀i∈[1, |σ1 |], j∈[1, |σ2 |],
• (σ1 (i), σ2 (j)) denotes the substitution between element (activity) σ1 (i) and σ2 (j).
• (σ1 (i), ) denotes the deletion of element (activity) σ1 (i).
• (, σ2 (j)) denotes the insertion of element (activity) σ2 (j).
Therefore, one possible solution of a set of edit operations that transform σ1 into σ2 is
{(σ1 (3), σ2 (3)), (σ1 (5), )}, which means that we first replace σ1 (3) = c with σ2 (3) = d
and then delete σ1 (5) = f . Moreover, the set of edit operations between σ1 into σ2 can
also be considered as the alignment between these two sequences, as shown in Figure 2.3.
As we mentioned above, there are lots of ways to transform sequence σ1 into σ2 , e.g.,
σ1
σ2

a
a

b
b

c
d

e
e

f


Figure 2.3: Transformation between trace σ1 and σ2
Figure 2.4 shows two other ways to transform σ1 into σ2 . In Figure 2.4a we delete two
activities c, f in σ1 and insert one activity d from σ2 . Similarly, Figure 2.4b performs three
deletions and two insertions to transform σ1 to σ2 .
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σ1
σ2

a
a

b
b

c



d

e
e

f


(a) Edit operations:{(c, ), (, d), (f, )}

σ1
σ2

a
a

b
b

c


e


f



d


e

(b) Edit operations:{(c, ), (e, ), (f, ), (, d), (, e)}

Figure 2.4: Two other transformation solutions between σ1 and σ2 .
It is important to mention that Levenshtein distance dL is defined as the minimal number
of edit operations, i.e., the optimal alignment in the graphical representation. In this
case, transformation in Figure 2.3 has two edit operations and it is minimal. Therefore,
Levenshtein distance dL (σ1 , σ2 ) = 2.

2.2.2

Vector-based Distance

One commonly used vector-based approach to calculate the distance between sequences of
any type is the Parikh’s vector [9]. Parikh’s vector takes the set of all elements (activities)
and the target sequence as inputs and returns a vector containing the number of occurrence
of all the elements (activities) in that sequence. For the sake of illustration, we define it
in the context of process mining.
Definition 2.14 (Parikh Vector). Let A = {a1 , a2 , ..., a|A| } be the set of all activities in
the event log L, the |A|-dimensional activity vector of a sequence σ is defined as a function
|A|
P~σ ∈N0 , given by
P~σ = (|σ|a1 , |σ|a2 , ..., |σ|a|A| ), or

P~σ (ai ) = |σ|ai

(2.6)

where |σ|ai denotes the number of occurrences of the activity ai in the sequence σ.
After deriving the Parikh’s vector of sequences, we then apply methods like the cosine
similarity in Definition 2.10 to calculate the distance between two vectors.

2.3

Event Logs

Event logs serve as the starting point for process mining [3], which are stored in most
information systems and record the process execution data. An event log records at
which time point an certain activity of a process is executed. An event log is represented
as a multiset of traces. A trace is a sequence of activities, which describes the process
execution order under a particular case (or process instance). For example, Table 2.1
describes a simplified example event log of the financial loan application processes. Each
row in the log represents an event in the log. The five columns depict five characteristics
of each event. First is case id, which is a case identifier identifying each case (process
instance). Second, activity describes the activity executed under each process instance.
Third, timestamp identifies the execution time of the corresponding event, which forms
the sequential execution order. The resource column illustrates the resource (user) who
execute a certain event.
12
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We observe that multiple activities are executed under each case identifier, i.e., each
case is represented by a sequence of events in time order also referred to as a trace. For
example, the sequence of activities under case id 6 are hO_created, O_sent, O_cancelledi
following the timestamp. In the control-flow perspective, trace is used to represent the
ordered execution of events in the process instance.
Besides the aforementioned typical data attributes that exist in almost every event log,
each process instance can also have other case attributes, e.g., level is a case attribute for
this specific event log. Each case identifier is related to one certain customer level, e.g.,
case 6 in Table 2.1 is under the normal level, and case 7 is silver level, and there are
also other potential customer levels e.g., platinum, VIP, etc. In the context of this thesis,
we are particularly interested in understanding the process behavior of traces (cases)
under certain case attribute and to discover the similarity among them. For instance,
the provider of event data Table 2.1 is interested in whether the application procedure of
silver customers is more similar to gold customers, or to customers of other levels. In other
words, if there exists certain levels of customers that apply the loan completely different
from customers under other levels. Moreover, we can compare the processes along with
these case attribute values via process models.
As mentioned, an event log is represented as a multiset of traces since multiple cases can
describe the same trace. For example, in Table 2.1, both case 6 and case 8 share the same
trace hO_created, O_sent, O_cancelledi. In the remainder of the thesis, let A denotes
the universe of activities. Let C denotes the universe of case attributes. Besides, we let V
denote the universe of case attribute values and the case attribute value v∈V can be of any
type, e.g., number, string, sequence, etc. In Definition 2.15, we present formal definitions
of trace, event log below.
Definition 2.15 (Trace and Case). Let C denotes the universe of cases. Given c∈C, a
case projection function [10] πa : C → V maps a case to corresponding case attribute value,

Table 2.1: A synthetic event log adopted from the financial loan application event data
[2].
Case id
..
.

Activity
..
.

6
7
6
8
7
6
7
7
8
8
..
.

O_created
O_created
O_sent
O_created
O_sent
O_cancelled
O_returned
O_accepted
O_sent
O_cancelled
..
.

Timestamp
..
.
05.06.2019
05.06.2019
05.06.2019
05.06.2019
05.06.2019
10.06.2019
06.06.2019
06.06.2019
05.06.2019
11.06.2019
..
.
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14:30
14:35
14:32
14:40
14:38
14:30
14:30
14:50
14:45
14:30

Resource
..
.

Level
..
.

user_1
user_1
user_2
user_1
user_2
user_3
user_4
user_5
user_2
user_3
..
.

normal
gold
normal
silver
gold
normal
gold
gold
silver
silver
..
.
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where πa (c) represents the data value of case c for attribute a, i.e., ∀c∈C, ∃a∈C , v∈V , s.t.,
πa (c) = v.
A trace σ∈A∗ is a sequence of activities over A, which is a special type of attribute value
related to a case identified by a case identifier t∈C . A case projection function πt maps a
case to the corresponding trace, πt (c)∈A∗ represents the trace of case with case identifier
t.
Definition 2.16 (Event log). An event log L is a set of cases, i.e. L∈P(C), s.t.∀c∈L, πt (c)6=hi.
In the context of event data clustering, we are particularly interested in sublogs (subsets
of cases) based on case attribute values, i.e., partition Ls ∈P(L) of complete event log L.
Moreover, we define a simple event log L̃ as the control-flow perspective of event log, which
is a multiset of sequences of activities (traces) in the log L, i.e., L̃ = [σ k | ∃c∈L(πt (c) =
σ)∧k = |{c∈L | πt (c) = σ}| ].
Due to clustering, one sublog can own one case attribute value initially or a set of case attribute values after clustering. Therefore, we define log project function πC : P(C) → P(V )
that maps one sublog to one case attribute value under case attribute C containing inside
the sublog. Formally, given log L∈P(C), v∈V , we have πC (L) = {v | ∃c∈L, πC (c) = v}.
Definition 2.17 (Case Attribute based Partition). According to the Definition 2.3, sublogs
are special partitions of complete event log based on case attribute values of selected case
attribute. Moreover, in the reminder of the thesis, the sublog we mentioned in default is
non-overlapping set of cases containing only one case attribute value v∈V , i.e., the initial
partition before any clustering (merging) steps. Therefore, we extend the partition Definition 2.3 to case attribute based partition P(L, C ). Given event log L, case attribute
a∈C , for all sublog Lv ∈P(L, a)⊆P(L)\∅ we have:
•

= L, where Lv is the sublog of complete event log L under case
attribute value v and v∈V is the set of case attribute values under the case attribute
a.

S

v
Lv ∈P(L,a) L

0

0

• ∀Lv 6=Lv ∈P(L, a), Lv ∩ Lv = ∅.
Definition 2.18 (Trace Variant [10]). Since a simple event log is a multiset of sequences
of activities, i.e. L̃∈B(A∗ ), multiple traces can map to the same sequence of activities.
Therefore, we define the unique sequence of activities, or unique trace σv ∈A as trace
variant or process variant. Moreover, due to Definition 2.4 of the multiset, L̃(σv ) denotes
the number of times trace variant σv appears inside the event log L, i.e., the cardinality
of trace variant σv is L̃(σv ).

2.4

Hierarchical Clustering

The core concept of the thesis work is about clustering, which is a classification grouping
similar objects into groups. Hierarchical clustering is one kind of clustering technique that
creates a hierarchy of clusters. In other words, hierarchical clustering is a sequence of
partitions in which each partition is nested into the partition in the next hierarchy of the
sequence [11].
In the context of event data clustering, we are only interested in the ’bottom-up’, agglomerative hierarchical clustering (AHC) approach. It starts with each object being in
14
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individual cluster initially. Then the clustering algorithm merges the most similar two
objects into one cluster, after that, the clustering procedure is repeated for all the other
objects bases on their similarities, until all initial objects are clustered into final number
of clusters. Furthermore, in the context of event log clustering, the individual object in
each initial cluster of the bottom hierarchy here is one sublog Lv under each case attribute
value v from the complete event log L.
To have a convenient understanding of the agglomerative hierarchical clustering steps, a
dendrogram is introduced. According to Definition 2.7, a dendrogram T = (V, E, v r ) is
a special type of binary tree of height h that represents the hierarchy structure of the
clustering, where V is the set of clusters at every hierarchical level, E denotes the set of
edges which connect two clusters merged at certain step, and the root node v r at the top
layer is the complete set of elements at height h, i.e., the complete event log. According
to Definition 2.7, the leaves at the bottom layer, i.e., nodes at height h0 = 0, are initial
elements of clustering. The height 0 < hi < h of a cluster Ci denotes the distance between
its two children, and at least one of them is at the height hi−1 and the other child is a
cluster at height hj (06hj 6hi−1 ).
As shown in Figure 2.5a, the dendrogram consist of a hierarchy layers of nodes and each
represents a cluster. Here, we have five sublogs from Lv1 to Lv5 meaning five initial
clusters under five case attribute values and all five initial clusters are at height 0. The Ushaped links between clusters indicate the hierarchy of merging them together. Therefore,
the lower two sublogs (clusters) are grouped together, the more similar they are to each
other.

Distance

The bottom-up partition sequence in Figure 2.5b explains the information in the dendrogram in Figure 2.5a. The distance between the sublog Lv3 and Lv4 is the minimal, so
they are grouped together firstly into new cluster Cv3,4 (or we also call it cluster C1 since
the cluster is at height h1 ). After that, sublog Lv5 is grouped together with new-formed
cluster C1 and forms another cluster C2 . As the distance increases, clusters are gradually

Lv1

Lv2

Lv3

Lv4

{Lv1 , Lv2 , Lv3 , Lv4 , Lv5 }
{{Lv1 , Lv2 }, {Lv3 , Lv4 , Lv5 }}
{{Lv1 }, {Lv2 }, {Lv3 , Lv4 , Lv5 }}
{{Lv1 }, {Lv2 }, {Lv3 , Lv4 }, {Lv5 }}
{{Lv1 }, {Lv2 }, {Lv3 }, {Lv4 }, {Lv5 }}

Lv5

(a) Dendrogram example, when sublogs are
grouped together, we prefer to name them as (b) Bottom-up sequence of partition in this hierarchical dendrogram.
Cluster C, e.g., Cv3,4 .

Figure 2.5: Dendrogram example and the hierarchical partition of the clustering.
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grouped together until only one cluster as shown in Figure 2.5b.

2.5

Process Discovery

Process discovery is a technique used to discover a comprehensive, end-to-end process
model from an event log. There are various kinds of process discovery algorithms introduced in [1]. However, this thesis work aims to improve the quality and comprehensibility
of process models generated by existing process discovery algorithms. Therefore, we only
give a general definition of the process discovery algorithm.
Definition 2.19 (Process Discovery Algorithm [12]). Let L be an event log over activities A, i.e., L∈P(C) and M be the universe of process models. Then process discovery
algorithm D is a function that takes event log as an input and returns a process model
over activities A, i.e., D : L → M.
One of the most common and thoroughly-studied process models is Petri net. A Petri net is
a bipartite directed graph which contains two types of nodes, i.e., places and transitions.
Places are visualized by circles and represent process states. Transitions are visualized
by rectangles and represent the executable activities in the event log [10]. A place can
contain tokens, which is depicted as black dots. Moreover, places can only be connected
to transitions and vice versa. One Petri net example is shown in Figure 2.6, where place
is depicted as p and transition is depicted as t. And we have one initial marking (token)
at p1 .
Directly follows relation is the basis of many process discovery algorithms, i.e., many
algorithms use it as the medium to discover process model. Directly follows relation
defines a multiset that contains all direct precedence relations among the different activities
present in the event log. We write (a, b) or a > b if activity a is directly followed by activity
b.
Definition 2.20 (Directly Follows Relation [10]). Let L∈B(A∗ ) be an event log, the
directly follows relation >L , is a multiset over A × A, i.e., >L ∈B(A × A), for which, given
activity a1 , a2 ∈A:
>L (a1 , a2 ) =

n
X

|{16i6|σ| − 1 | σ(i) = a1 ∧σ(i + 1) = a2 }|

(2.7)

σ∈L

where >L denotes the multiset of all possible directly follows relations in event log L and
>L (a1 , a2 ) denotes the number of occurrence of directly follows relations (a1 , a2 ) in the
log.
b
t2
a
p1

t1

d
p2

p3

t4

c
t3
Figure 2.6: Petri net example with initial marking.
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2.5.1

Process Model Quality Criteria

Process models discovered from event data ideally describe a process execution behavior
as observed in the event data. However, determining the quality of a process model,i.e., to
what extent, the model accurately captures the behaviors inside the event log, is difficult
and is described by various dimensions. For example, a process model capturing all the
behavior in the event log might allow additional behaviors that are not in the log. In
the reminder, we use two common model quality dimensions: replay-fitness and precision
[10].
• Replay-fitness[13, 14]: Replay fitness is a well-known recall metric. It refers to what
extent the process model captures the behaviors described in the event log. If all the
process behaviors in the event log can be replayed by the generated process model,
the replay-fitness is perfect, i.e., equals to 1.0. In the context of this thesis, the
alignment-based replay-fitness algorithm is used for measurement.
• Precision: Measures to what extent the process model contains additional behaviors
that are not recorded in the event log. A model that is not precise is ’underfitting’,
i.e., it allows for behaviors very different from what was seen in the log [1]. A process
model is of perfect precision 1.0 if all the behaviors described by the model are also
presented in the event log. In the context of this thesis, the ETConformance-based
precision algorithm is used for measurement (see details in [14]).
Other than the two quality dimensions, the F-measure (or F1-score) is used as a standard
balance between the precision and fitness of the process model. Thus all of these evaluation
metrics are values in [0, 1].
F1 = 2 ·

P recision · F itness
P recision + F itness

(2.8)

It is obvious that the process model with higher F1-score is of better quality in the context
of precision and fitness.
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Related Work
In this chapter, we focus on related work in the field of event data clustering, which is one
of the most important steps for process mining and lots of researches have already been
conducted on this topic. Existing work in event data clustering mainly consists of two
categories, trace clustering and process model clustering (comparison). In [7, 15], they
explicitly show that traditional process mining algorithms generate an unstructured and
spaghetti-like model. By applying the trace clustering technique, multiple comprehensible
sublogs can be split out of the original complex event log. Therefore, understandability
and comprehensibility of the process models are improved.
The main focus on this thesis work is on event log clustering based on case attribute, i.e.,
sublog clustering, it means that sublog (set of cases) instead of the trace is the unit of
clustering. A case is also manifested as a trace since trace is a sequence of events inside the
case [16]. Therefore, the core concepts of sublog clustering directly or indirectly inherit the
core concepts of trace clustering. Moreover, each sublog can be presented as one process
model, so the works done on process model clustering and comparison are also discussed
in this chapter. This chapter categorizes the distance measure methods of existing (trace)
clustering techniques into three parts and related work of each type will be discussed in
detail.
Lu [12] and De Weerdt et al. [15] group similarity (dissimilarity) measures literature into
the three categories, namely feature vector space based similarity, trace sequence based
similarity and model based similarity. We follow their grouping and categorize existing
distance (same as dissimilarity) measure methods into three types, i.e., feature vector based
distance, syntax based distance and model based distance. In this section, an overview of
three types of methods is given, and in the next section, we go through each literature in
detail.
Feature vector based distance
Each trace in the event log is transformed into a feature vector based on the features
recorded in the trace, e.g., event frequency, directly-follows relation frequency, resource,
duration, etc. During the transformation, the value for a feature in the vector corresponds
to the frequency of occurrence of that feature in a trace, e.g., a feature vector can be a
numerical representation of the individual frequency of events in the trace. Afterwards,
various distance metrics of data clustering techniques are applied to measure the dis19
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tance between traces. Two traces with large distance means that they are dissimilar and
vice versa. Finally, different clustering algorithms are adopted after the distance matrix
containing mutual distance of all traces is obtained [17–27].
The work of Bae, Jung et al. [17–19] is one of the earliest approaches that use the
concept of ’vector’ to represent distance. However, their work focus on the structural
similarity between process models in the form of dependency graphs. In [17, 19], they
raise the concept of graph (process) vector to measure the structural similarity between
two complete dependency graphs (CDGs). The graph vector is composed of the activity
vector and complete succession vector. The activity vector captures all the activities
inside the dependency graph and arranges them in one vector, so is the succession vector.
Then cosine similarity is applied to calculate the similarity based on these two types of
vectors plus a certain weight is given to balance the activity distance and the succession
distance. After that, the process models are grouped by the agglomerative hierarchical
clustering algorithm. Furthermore, Bae et al. [18] propose another idea of transforming the
dependency graph into a binary process tree and then generating a vector representation
of the process tree by defining bianry branch vector. Thus, various distance metrics are
applied to the vectors.
Compared to process model clustering, the work of Greco et al. [20] is one of the earliest
approaches that introduce the notion of a vector space into trace clustering. They propose
disjunctive workflow schemas (DWS) to capture frequent activity patterns to build the vector space. Then hierarchical clustering is used to iteratively refine the process model. The
work of De Medeiros et al. [24] are inspired by DWS. Their clustering algorithm detects
over-generalization points or frequent patterns and is more robust than the contemporary
approach.
Song et al. [21] expand the vector space by considering a multitude of attributes or perspectives and they define them as trace profiles. Trace profiles contain activity, transition,
case attribute, event attribute, resource, performance, etc. Moreover, the implementation
presents different distance metrics and clustering algorithms, namely K-means, Quality
Threshold (QT), Agglomerative Hierarchical Clustering (AHC), and Self-Organizing Maps
(SOM). In later work, Song et al. [27] improve time performance by introducing several
dimension reduction techniques.
Bose et al. [22] present a context-aware approach by considering the sub-sequences of
k-activities that are conserved across traces. These conserved patterns are used as feature sets to generate a vector space model. Moreover, the feature sets technique has a
linear time complexity whereas traditional approaches have a quadratic time complexity.
However, this feature set approach performance badly when loop constructs are contained
in the trace, therefore, their work mainly focuses on sequential traces. Luengo et al.
[26] expanded Bose’s work by introducing time features into Maximal Repeat Feature Set
(MR).
Syntax based distance
The second approach measures the syntactic distance between two traces. One trace
can be transformed into another trace by edit operations e.g., insertion, deletion, and
substitution. The minimal number of edit operations is called the edit distance of these
two traces [7]. One typical measure of this kind is the Levenshtein Distance [28]. After
the distance matrix is obtained based on all edit distance, various clustering algorithms
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e.g., hierarchical clustering, are applied [7].
Bose et al. [7] aim to take also control-flow context information into consideration, which
is not included in Levenshtein distance. Therefore they propose generic edit distance
by defining substitution, deletion and insertion cost to consider also trace behavior (e.g.,
succession relations). The cost is used to measure distance and then agglomerative hierarchical clustering is deployed.
Chatain et al. [29] introduce an alignment-based trace clustering, it groups similar traces
by aligning observed behaviors with the model. The traces that are close to the same
alignment, i.e., having similar syntactic distance, are grouped together.
Model based distance
The third type of method focuses more on the quality of the model instead of traces mutual
distances. The goal of methods here is to obtain a better model (i.e., higher precision,
fitness) when merging traces into the cluster. It means that one trace can be added into
the cluster only if it improves the quality of the cluster model [15, 23, 25, 30–33].
Inspired by the early work of Cadez et al. [30] in the field of web usage mining, Ferreira
et al. [31] propose a sequence clustering algorithm based on first-order Markov model to
represent each cluster.
De Weerdt et al. [15] combine the clustering step with the evaluation step, i.e., they
conduct the F-measure optimized clustering algorithm. More specifically, first variants
(unique cases) based on frequency or distance are chosen as seed clusters, and then only
variants that can improve the cluster model quality (e.g., fitness and precision) are merged
into the cluster. Finally, the remaining variants are put in one extra cluster or equally
distributed. Followed by the work of Sun et al. [32], they extend the evaluation range
of work [15] by considering also process model complexity, to optimize each potential
sub-process model. Later work of De Koninck et al. [25] follows the idea of [15] and also
incorporates domain knowledge into trace clustering in three ways to improve performance
and understandability, namely expert-driven initialization, constrained clustering, and
complete expert solution.
Hompes et al. [33] also lately apply the Markov cluster (MCL) algorithm, but their work
aims to spilt out mainstream behavior and deviating behavior from the original log in
the process context view. Concretely, first, the similarity matrix of traces is calculated
based on cosine similarity, and then it is used as input for MCL, which returns clustered
sublogs.
Recent work by Lu [23] incorporates domain knowledge from experts in healthcare, i.e.,
using sample sets provided by an expert as seeds. Then, frequent sequence patterns
(FSPs), which are sequences of k-activities in the trace, are learnt based on sample sets.
Subsequently, each case is ranked based on the patterns and only cases above a certain
threshold are kept in clusters.
Discussion: As we discussed above, the reason to demonstrate related work both in process model clustering and trace clustering is that the research goal of this thesis is to cluster
sublogs based on case attribute values on the basis of trace clustering. Process models can
be discovered from sublogs, therefore, the related work in process model similarity and
clustering inspire the work of this thesis.
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Chapter 4

Attribute-Driven Hierarchical
Clustering of Event Log
In this chapter, we present a framework for case attribute-driven hierarchical clustering of
event logs. First, we illustrate the main steps of this end-to-end framework together with
a graphical overview. Second, in Section 4.1 and Section 4.2, we introduce algorithms
calculating inter-cluster distances, i.e., distance between the sublogs decomposed from the
complete event log. More specifically, in Section 4.1, we propose two distance metrics for
inter-trace distance computation, i.e., metrics that calculate the distance between traces.
In Section 4.2, we present two inter-cluster distance computation methods, namely a tracebased method and a directly follows graph (DFG) based method. With these two methods,
we form the inter-cluster distance matrix to perform clustering. Finally, Section 4.3 completes the framework in this chapter by presenting the hierarchical clustering algorithm
in the context of process mining. In other words, we introduce the linkage methods for
hierarchical clustering and the mechanism of distance matrix update.
As illustrated in Figure 4.1, we present an overview of the proposed framework. This
event log clustering framework is quite general and allows lots of freedom for users to
implement. First, we focus on the inputs and outputs of the framework and consider the
middle implementations as a black box. It takes both a complete event log L and a userselected case attribute C a as inputs and returns a user-defined number of final clusters
together with a dendrogram T containing all the hierarchy information of clustering as
outputs. Using these clustered sublogs, we propose various further assessment/ analysis,
e.g., propose process model comparison manually to assess cluster results qualitatively or
analyze the model quality quantitatively.
The first step of the framework is to use the case attribute based partition function
P(L, C ) defined in Definition 2.17 to divide the event log L into n sublogs Lv1 , ..., Lvn ,
on the basis of the user-selected case attribute C . In general, the user can divide the
complete log under one or multiple case attributes as the starting point.
Secondly, we calculate the inter-cluster distances of all the sublogs and record them in
a distance matrix D∈Rn×n , in which each sublog represents one column and row in the
matrix D. It is important to notice that our framework generally allows for any distance
metric that measures distance on cases. In this thesis, we only consider distance metrics
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Figure 4.1: The event log clustering framework proposed in this thesis. First, the complete
event log is partitioned into n sublogs based on the case attribute C a . Second, the distance
measure box below calculates all inter-cluster distance and records them in a matrix.
Third, all initial sublogs are clustered in a hierarchical way on the basis of the distance
matrix information. dtrace−based and dDF G−based denote the trace-based and DFG-based
inter-cluster distance respectively, and dtrace denotes the inter-trace distance.

in terms of control-flow perspective, i.e., traces σ = πt (c) of the corresponding cases c∈C.
The box between sublogs and matrix indicates the distance measures we use to calculate
inter-cluster distances. More specifically, we provide two approaches for inter-cluster distance calculation, one is on a trace-based level, and the other one is on a more abstract
level. The dtrace−based is determined by the linkage criteria on the inter-trace distance,
i.e., we compute the aggregate value by linking (combining) the pairwise inter-trace distance in different ways, as shown in Figure 4.1. Alternatively, the DFG-based measure
first transforms the set of cases into directly follows graphs, i.e., abstract representations
of process behaviors, and then directly compute the inter-cluster distance between two
abstractions. We will propose both measures in detail in Section 4.2.
Afterwards, the hierarchical clustering algorithm takes the distance matrix D and all the
initial clusters as inputs and then group similar sublogs together based on the inter-cluster
distances. Starting from the initial n sublogs, the algorithm builds a dendrogram until
the final number of clusters reaches the user-defined condition. Also in this part, our
framework offers various possibilities to group clusters based on different linkage criteria.
Linkage criteria (or linkage methods) determine the distance between sets of elements
(here sets of traces) as an aggregate function that combines/ links pairwise distances between elements (traces). Different linkage methods aggregate the pairwise distance values
by different combinations. The most common three linkage methods are single, complete
and average linkage methods. The single linkage defines the cluster distance as the minimal pairwise inter-trace distance among all trace pairs, whereas the complete linkage
is determined by the maximal pairwise inter-trace distance. Thus, the average linkage
takes an average of the aggregation of all pairwise distance. The detailed explanation is
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presented in Section 4.3.
After introducing the pipeline of the general framework, we first consider the distance
measures between sublogs, shown in Figure 4.1. Before introducing the two inter-cluster
distance measures, we start with the inter-trace distance measures as the former measures
use them as a basis.

4.1

Inter-trace Distance Measures

In this section, we propose two approaches that calculate the inter-trace distance in the
context of trace clustering, as shown in the related work in Chapter 3, i.e., syntax based
approach, and feature vector based approach. We start with inter-trace distance metrics
because the inter-cluster distance computation functions directly, or indirectly, inherit
the concepts of inter-trace distance metrics. In particular, the trace-based inter-cluster
distance aggregates the pairwise inter-trace distances by different linkage criteria.

4.1.1

Inter-trace Distance Metrics

In this part, we explain the distance metric properties, defined in Definition 2.12, in the
context of process mining. In order to measure the distance (dissimilarity) between two
traces, Property 1 to Property 3 need to be satisfied by trace distance metrics. It is easily
proved that the two trace distance metrics we introduce in the following match the three
properties, i.e., the distance metrics are non-negative, symmetric and satisfy the identity of
indiscernibles. Property 4, the triangle inequality, describes the distance relation among
three elements. It is a useful property for distance metrics but not essential for the
similarity measure between processes. Because first, we focus on the pairwise distance
between two clusters. Second, this property is not necessarily satisfied for process models.
As shown in Figure 4.2, consider two Petri nets A and B, they share the same set of
activities but own different structures, i.e., A has a parallel structure and B has a choice
structure. In contrast, Petri net C shares a similar structure with B but contains a different
set of activities. Due to the diverse perspective of similarity, we can argue that A and
B are similar to each other in the behavior context (or activity) level, however, B and C
are similar in the structure level. But we can not guarantee any similarity relationship
between models A and C, which is not the case according to triangle inequality. Therefore,
we will not examine the inter-cluster distance measures about this property, especially for
the DFG-based measure since it derives distance on the basis of the process model.

(a) Petri net A

(b) Petri net B

(c) Petri net C

Figure 4.2: Three petri nets to illustrate counter-example of triangle inequality on proces
models
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4.1.2

Syntax Based Approaches

One common way to calculate the inter-trace distance is the syntax-based approach, which
measures the syntactic difference between two trace sequences, i.e., transform one trace
to another by editing activities. In this approach, we consider the entire trace such that
the contextual information and order inside the trace are preserved. One of the most
common approaches to calculate the distance between two sequences is the Levenshtein
distance introduced in Section 2.2. The Levenshtein distance measures the syntactic difference between two sequences of activities (traces) by recording the minimal number of
edit operations needed to transform one traces to another, which contains substitution,
insertion, and deletion as defined in Definition 2.13.
Normalized Levenshtein Distance
Considering the four properties we mentioned above, Levenshtein distance matches property 1 to 4 in Definition 2.13, which makes it a proper distance metric for calculation.
However, the Levenshtein distance only measures the absolute number of edit operations
that transform one sequence to the other without considering the size of two sequences.
Therefore, Levenshtein distance has trouble in measuring ’actual’ meaningful syntactic
similarity on many occasions, especially when encountering loop structures.
Assume we have two pairs of traces that are different in trace sizes. For example, the
first pair σ1 = ha, b, ci and σ2 = hd, e, f i, and the second pair σ1 = ha, b, ci and σ3 =
ha, b, a, b, a, b, ci. It is obvious that the Levenshtein distance dL for pair (σ1 , σ2 ) is 3, and
dL (σ1 , σ3 ) is 4. From the definition of Levenshtein distance, we conclude that the pair
(σ1 , σ2 ) are more similar to each other than the pair (σ1 , σ3 ) since the distance value
dL (σ1 , σ2 ) < dL (σ1 , σ3 ). However, syntactically saying, trace σ1 and σ2 are two complete
different traces, and trace σ1 and σ3 are more similar to each other for two reasons, first,
they share three same activities and only the middle four activities of σ3 are different,
second, as shown in Figure 4.3, σ1 and σ3 are only two representations of the same process
except containing loop-structure ha, bi or not, which is more similar in contextual meaning.
But σ1 and σ3 are two sequential traces containing completely different activities. It is
counter-intuitive that Levenshtein distance considers the pair (σ1 , σ2 ) to be more similar
to each other, which doesn’t match the actual syntactic similarity, and it also leads to
problem that the pair (σ1 , σ2 ) is preferred to be clustered together firstly.
Hence, we propose the normalized Levenshtein distance that takes the size of both traces
into consideration when calculating trace distance.

a

b

c

d

(a) Trace σ1 = ha, b, ci.

a

e

f

(b) Trace σ2 = hd, e, f i.

b

c

(c) Trace σ3 = ha, b, a, b, a, b, ci.

Figure 4.3: Three petri nets discovered from the corresponding three traces. Obviously,
σ1 and σ3 are more similar, with only difference in loop structure.
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Definition 4.1 (Normalized Levenshtein Distance). Let A∗ be the set of all possible
sequences of activities in A, and σ1 , σ2 be two non-empty traces ∈A∗ , then normalized
Levenshtein distance is a distance function dN L : A∗ × A∗ → [0, 1], s.t.,
dN L (σ1 , σ2 ) =

dL (σ1 , σ2 )
max{|σ1 |, |σ2 |}

(4.1)

where dN L (σ1 , σ2 ) = 0 means two traces are exactly the same and dN L = 1 means two
traces are completely different. The left boundary 0 of the normalized Levenshtein distance
is same as the Levenshtein distance itself, zero in distance value denotes the the number
of edit operations is zero, since we only consider non-empty traces, i.e, dN L (σ1 , σ2 ) =
0⇔dL (σ1 , σ2 ) = 0, ∀σ1 , σ2 6=∅. The right boundary 1 denotes the number of edit operations
equals to the maximal length of two traces, i.e., two traces have nothing in common and it
takes full steps of edit operations to transform one to another. For example, σ1 = ha, b, ci
and σ2 = hd, e, f i, it needs three substitutions to transform σ1 to σ2 completely, therefore,
the distance 1 denotes that the two traces are completely different.
Here, we provide the well-known normalization form max{|σ1 |, |σ2 |}, but there are also
various other forms of normalization, e.g., |σ1 |·|σ2 |, |σ1 | + |σ2 |, etc., to overcome the
problem of right boundary 1 of distance value in some extreme cases. For example, given
traces σ1 = ha, bi, σ2 = hc, di and σ3 = hc, d, ei people may argue that d(σ1 , σ2 ) <
d(σ1 , σ3 ), but our normalized Levenshtein distance in Definition 4.1 becomes local in this
case and returns us both 1. However, this can be easily solved if we use an alternative
1 ,σ2 )
form d|σL1(σ|+|σ
.
2|
The benefit of applying normalized Levenshtein distance is that it more robust to the
loop structure, comparing to the Levenshtein distance. Consider again the example in
Figure 4.3, we have dL (σ1 , σ2 ) = 3, dL (σ3 , σ4 ) = 4, and the sizes |σ1 | = |σ2 | = 2, |σ3 | = 7,
4
therefore, Equation 4.1 yields that dN L (σ1 , σ2 ) = 33 = 1 and dN L (σ3 , σ4 ) = 10
= 25 , which
is much smaller than the value of (σ1 , σ2 ) and matches the actual syntactic distance.
Moreover, it is trivial that both the Levenshtein distance and normalized Levenshtein
distance matches Properties 1 to 3 of distance metrics Definition 2.12, but only Levenshtein
distance itself matches the triangle inequality, not the normalized distance. But we still
consider the normalized Levenshtein distance as a proper measure for pairwise inter-trace
distance because the benefit regarding to loop structures and also we focus on the pairwise
distance.
Even through the normalized Levenshtein distance alleviates the sensitivity to loop structure to some extent, in essence, both normalized Levenshtein distance and Levenshtein
distance have the drawback that they do not consider the operational meaning of edit
operations, i.e, they are sensitive to traces with loop structures to different degree. In
other words, the normalized Levenshtein distance is also theoretically sensitive in some
special cases where the trace is dominant by the loop structure. A As shown in Figure 4.4, we have two traces σ5 , σ6 generated from the same process model which contains
a loop in bc, e.g., σ5 = ha, b, c, di, and trace σ6 = ha, b, c, b, c, b, c, b, c, di which is dominant by loop bc. Then we have Levenshtein distance dL (σ5 , σ6 ) = 6 and normalized
6
dN L(σ5 , σ6 ) = max{4,10}
= 53 . Now if we have another trace σ7 = ha, b, e, f i, we have the
Levenshtein distance dL (σ5 , σ7 ) = 2 and the dN L(σ5 , σ7 ) = 12 . We can see that dL (σ5 , σ6 )
is much larger than dL (σ5 , σ7 ), which means the Levenshtein distance is quite sensitive
to loop construct. The normalized Levenshtein distance dose alleviate the sensitivity to
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a

b

c

d

(a) Petri net for σ5 = ha, b, c, di and σ6 =
ha, b, c, b, c, b, c, b, c, di.

a

b

e

f

(b) Petri net for σ7 = ha, b, e, f i.

Figure 4.4: Petri nets discovered from the corresponding three traces, where the (normalized) Levenshtein distance is sensitive to loop structures.
some extension but still dN L(σ5 , σ6 ) > dN L(σ5 , σ7 ), it is problematic that σ5 and σ7 are
consider to be more similar and will be clustered firstly in this case.
Therefore, we conclude that the normalized Levenshtein distance metric dN L is more
suitable to deal with trace distance in sequential cases. And the feature vector based approaches that we will introduce in the following part are more robust to loop constructs as
they emphasize on the combination of different perspectives of behavioral distance.

4.1.3

Feature Vector Based Approaches

As discussed in Chapter 3, feature vector approaches require one to define feature sets
and transform traces in the event log to vectors representing the feature sets. Feature
sets describe the different attributes recorded in each case, e.g., existing work [21] has
defined feature sets regarding various perspectives of process instances, i.e., the controlflow, resource, organization, and time perspectives. During the transformation, the value
for a feature in the vector corresponds to the frequency of occurrence of that feature in a
trace, e.g., a feature vector can be a numerical representation of the individual frequency
of events in the trace. In our approach, we only focus on building a feature set in the
control-flow perspective.
Before we introduce our feature sets and approaches, it is worthwhile to briefly discuss the
two most common feature sets used for trace clustering [8]. First, the Bag-of-activities
(BOA) extract the set of all activities in the event log and returns one vector to each trace
recording the frequency of occurrence of individual activity in the trace. It is simple to
implement, but the control-flow information, especially the order of execution is missing
by extraction. Another feature set is the K-grams, it extracts the subsequence of all
possible k activities in the event log. Therefore, it is detailed enough but leads to huge
computation overhead.
Behavioral Vector Distance
These two common feature set abstraction techniques above do not fully support the
need of our executed processes, because BOA loses execution orders during extraction
and k-grams is extremely computationally expensive. Therefore, we now give a trade-off
between these two approaches, i.e., we introduce our feature vector based approach that
preserves the behavioral information such as the order of execution and does not take
much computational effort. The core idea is to construct our feature set based on the set
of all activities, which shows how common activities two traces contain, together with the
set of all directly follows relations as defined in Section 2.5, which measures the similarity
of the behavioral execution flows. Base on this concept, we transform the two traces into
two vectors recording the number of occurrences of these features. Afterwards, we measure
the similarity between the two behavioral vectors through cosine similarity to conduct the
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feature vector based inter-trace distance.
First, we define our feature vector regarding the set of all activities, which we name as
the activity vector. The activity vector takes the set of all activities and the target trace
as inputs and returns a vector containing the number of occurrences of all the activities
in that trace. In fact, the activity is in the form of the Parikh vector introduced in
Definition 2.10, i.e., the |A|-dimensional activity vector of a trace σ is defined as
~ σ = (|σ|a , |σ|a , ..., |σ|a ), or
A
2
1
|A|

~ σ (ai ) = |σ|a
A
i

(4.2)

where |σ|ai denotes the number of occurrences of the activity ai in the trace σ. For example,
assume we have one simple event log L̃ containing only two traces L̃ = [ha, b, ci, ha, b, di].
So we have A = {a, b, c, d} and |A| = 4, and the activity vector of trace σ1 = ha, b, ci is
~ σ ∈N4 = (1, 1, 1, 0). Similarly, for trace σ2 = ha, b, di we have A
~ σ = (1, 1, 0, 1)
A
1
2
0
Subsequently, a behavioral feature set is the combination of activity set and directly follow
relations set. Therefore, we now define the direct succession vector, which takes the
multiset of all the directly follows relations in the event log and the target trace as input
and returns a vector containing the number of occurrence of all the directly follows relations
in that trace. According to our definition of directly follows relations in Definition 2.20,
we can define our direct succession vector in a similar way to the definition of Activity
Vector.
Definition 4.2 (Direct Succession Vector). Let L̃∈B(A∗ ) be an event log. Given two ac~σ ∈NA×A ,
tivities a1 , a2 ∈A, the direct succession vector of trace σ is defined as a function S
0
given by
~σ (a1 , a2 ) = |{16i6|σ| − 1 | σ(i) = a1 ∧σ(i + 1) = a2 }|, ∀a1 , a2 ∈A
S

(4.3)

~σ (a1 , a2 ) of the vector S
~σ denotes the number of occurrences of the directly
where element S
follows relation (a1 , a2 ) (or written as a1 >L a2 ) in the trace σ.
We take the same example event log as the one under Equation 4.2 containing only two
traces L̃ = [ha, b, ci, ha, b, di] and propose the calculation of the direct succession vector.
~σ of trace σ = ha, b, ci. Subsequently,
First, we calculate the direct succession vector S
we count the number of occurrences of every directly follows relation in this trace and
~σ = (1, 1, 0), as
record them in the vector. Therefore, the direct succession vector is S
shown in Table 4.1. Similarly, the direct succession vector for trace σ2 = ha, b, di is
~σ = (1, 0, 1).
S
2
After we have the activity vectors and the direct succession vectors for the two traces,
we are able to calculate the behavioral distance between the two traces through cosine
>L
~σ
S
~σ
S

2

(a, b)
1
1

(b, c)
1
0

(b, d)
0
1

Table 4.1: Direct succession vector calculation, the first row describes multiset >L , and
the second row describes number of occurrence of each directly follows relation in trace σ,
~σ (b, d) is zero because the directly follows relation (b, d) doesn’t occur in σ,
notice that S
~σ (b, c).
similar case in the third row for S
2
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similarity. According to Definition 2.10, cosine similarity measure the cosine of the angle
between two vectors and it is commonly used in high-dimensional spaces. The feature vectors we deduced to measure frequency of occurrence in traces are usually high dimensional.
This metric is a measurement of orientation instead of magnitude in a normalization space.
Since our behavioral inter-trace distance is a combination of activity vector distance and
direct succession vector distance, we first propose a proper definition for these two distance and then return back. Moreover, it is important to note that cosine distance is a
complement of cosine similarity, i.e., d(~v , ~u) = 1 − sim(~v , ~u).
Definition 4.3 (Activity (Direct Succession) Vector Distance). Let L̃∈B(A∗ ) be an event
~ σ be the two corresponding activity vectors. According to
~ σ and A
log, let σ1 , σ2 ∈L̃, and A
2
1
Definition 2.10 of cosine similarity, the activity vector distance function dAct : A∗ × A∗ →
[0, 1] is
~σ )
~σ , A
(4.4)
dAct (σ1 , σ2 ) = 1 − sim(A
2
1
~ σ measures the cosine similarity between two traces.
Where sim(A
1
~σ be the two corresponding direct succession vectors, the direct
~σ and S
Similarly, let S
2
1
succession vector distance function dSuc : A∗ × A∗ → [0, 1] is
~σ , S
~σ )
dSuc (σ1 , σ2 ) = 1 − sim(S
1
2

(4.5)

Afterwards, the behavioral inter-trace distance combines the similarity in activities with
the similarity in execution flows via a weight parameter α∈[0, 1].
Definition 4.4 (Behavioral Inter-trace Distance). Let L̃∈B(A∗ ) be an event log, trace
σ1 , σ2 ∈L̃ and dAct , dSuc be the activity and direct succession distance respectively, and let
weight parameter α∈[0, 1], then the behavioral inter-trace distance between two traces is
a function dBeh : A∗ × A∗ → [0, 1]:
dBeh (σ1 , σ2 ) = α · dAct (σ1 , σ2 ) + (1 − α) · dSuc (σ1 , σ2 )

(4.6)

Observe a value of 0 means that two traces are behaviorally identical and 1 means two
traces are completely behaviorally different. When α = 1, the behavioral distance fully
depends on the activity vector distance, and when α = 0, it fully depends on the direct
succession vector distance.
Consider the same example discussed above, where L = [ha, b, ci, ha, b, di], σ1 = ha, b, ci,
~ σ = (1, 1, 1, 0) and A
~σ =
and σ2 = ha, b, di. We derived the two activity vectors A
1
2
~
~
(1, 1, 0, 1), and the two direct succession vectors Sσ1 = (1, 1, 0) and Sσ2 = (1, 0, 1). Therefore, according to definitions above, dAct (σ1 , σ2 ) = 1 − 23 = 13 , dSuc (σ1 , σ2 ) = 1 − 21 = 12 . If
5
we assume the weight parameter α = 12 , then dBeh (σ1 , σ2 ) = 12 · 13 + 21 · 12 = 12
.
Finally, we illustrate that the behavioral inter-trace distance in Definition 4.4 is more robust regarding the traces with loop structure than the normalized Levenshtein distance
introduced in Section 4.1.2. Consider the same example with three traces σ1 = ha, b, c, di,
σ2 = ha, b, c, b, c, b, c, b, c, di, and σ3 = ha, b, e, f i. By simple computation, we have
dAct (σ1 , σ2 ) = 0.14, dSuc (σ1 , σ2 ) = 13 , and dAct (σ1 , σ3 ) = 21 , dSuc (σ1 , σ3 ) = 32 . It is obvious
that σ1 and σ2 are considered to be more similar in the feature-vector-based approach as
they are generally from the same process with loop structure, which also matches the behavioral meaning. We also examine the four properties of the distance metric. It’s easy to
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prove that the cosine similarity satisfies the four properties, however, the cosine distance,
which is the complement of cosine similarity, does not satisfy the triangle inequality. But
we still take it as a proper distance measure because first, we focus on the pairwise distance
and second, it emphasizes the behavioral context and is robust on loop structure.

4.2

Inter-cluster Distance Measures

In this section, we introduce two methods to calculate inter-cluster distances, namely the
trace based inter-cluster distance and the directly follows graph (DFG) based inter-cluster
distance, as depicted in distance measure box in Figure 4.1. First, the trace-based distance
function directly uses the inter-trace distances as a basis and then different linkage criteria
are conducted to aggregates the inter-trace distances such that the inter-cluster distance
is derived. The linkage criteria determine the distance between clusters as a function that
aggregate pairwise distances between traces via different combinations. Second, the DFGbased distance method uses core concepts from the feature vector based inter-trace distance
calculation in Section 4.1.3,i.e., the idea of the activity and direct succession extractions.
We first transform the two sublogs (clusters) into two abstractions, i.e., directly follows
graphs (DFG) and then directly compute the inter-cluster distance between two DFGs
through the activity and direct succession vectors generated from two DFGs.

4.2.1

Trace-based Distance Measures

The trace-based distance function can use any inter-trace distances as basis, and we focus
on the two inter-trace distance measures we introduced in the last section, i.e., the syntaxbased approach and the feature-vector-based approach. Then various linkage methods
introduced in the general framework in Figure 4.1 allow us to aggregate the inter-trace
distances by different linkages to form the inter-cluster distance. Here, we introduce
two linkage criteria that combine the inter-trace distances to construct the inter-cluster
distance, which is Unweighted average linkage clustering (UPGMA)criterion and Dual
minimal match (DMM) linkage criterion.
It is also very important to consider the fact that multiple cases in a log can refer to the
same trace. Therefore, we are interested in not only the traces themselves, but also the
frequency of traces as weights. Therefore, in this section, we prefer to use the concept
trace-variant σv introduced in Definition 2.18 together with the cardinality (frequency) of
it, instead of the trace itself.
Unweighted Average Linkage Clustering (UPGMA) Criterion
One common approach to calculate the inter-cluster distance is the unweighted average
linkage clustering (UPGMA) method. The idea of UPGMA method is similar to the
average linkage method introduced in the general framework in Figure 4.1 at the beginning
of Chapter 4, i.e., it averages over all the possible pairwise inter-trace distances between
two event logs such that all the inter-trace distances contribute to the inter-cluster distance.
In the following, we first give a formal definition of the UPGMA distance and then provide
a simple example to illustrate the linkage criterion.
Definition 4.5 (UPGMA Inter-cluster Distance). Let L˜1 , L˜2 be two event logs, σv1
and σv2 be any trace-variant in log L˜1 , L˜2 , L˜1 (σv1 ), L˜2 (σv2 ) be the cardinality of tracevariants. The UPGMA inter-cluster distance between two logs is a function dU P GM A :
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Figure 4.5: Example of UPGMA linkage. We use double-arrow lines to show that intertrace distances here are non-directional.
B(A∗ ) × B(A∗ ) → [0, 1],
P

dU P GM A (L˜1 , L˜2 ) =

P

L˜1 (σv1 ) · L˜2 (σv2 ) · d(σv1 , σv2 )

σv1 ∈L˜1 σv2 ∈L˜2

(4.7)

|L˜1 | · |L˜2 |

where d(σv1 , σv2 ) denotes the inter-trace distance between trace σv1 and σv2 based on any
inter-trace distance measure.
As shown in Figure 4.5, given two example logs L˜1 = [ha, bi, hc, di] and L˜2 = [ha, bi, hc, ei].
There are in total |L˜1 | · |L˜2 | = 4 possible inter-trace distances between them. Unlikely
to the DMM distance, the UPGMA approach dose not have the concept of direction of
distance since we cover all possible inter-trace distances. So we use the double-headed
arrows to denote the inter-trace distances in UPGMA criterion. Similar to DMM, for the
simplicity of explanation, all trace-variants here have cardinality equal to one. Therefore,
according to Definition 4.5, the UPGMA inter-cluster distance between the two logs is the
unweighted average of all the inter-trace distances, i.e,
0+1+1+
d1,3 + d1,4 + d2,3 + d2,4
dU P M GA (L˜1 , L˜2 ) =
=
˜
˜
4
|L1 | · |L2 |

1
2

=

5
8

(4.8)

where the inter-trace distance uses the normalize Levenshtein distance.
One benefit of applying UPGMA approach is that all the inter-trace distance information
in the two logs are included according to their frequency. The reason we contain the

Figure 4.6: The affect of trace cardinality on inter-cluster distance, Thick blue line indicates the dominant distance dN L (σ2 , σ3 ).
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frequency of trace-variants inside the inter-cluster distance is that the cardinality of tracevariant matters. For example, if we have two logs L˜1 = [ha, bi, hc, di] and L˜2 = [ha, bi], and
another two log pair L˜01 = [ha, bi, hc, di100 ] and L˜02 = [ha, bi]. The inter-cluster distance
between the second two logs should be much larger, because the distance in the second
log is dominant by the inter-trace distance dN L (σ2 , σ3 ) due to the large cardinality of
σ2 ,as shown in Figure 4.6. According to Definition 4.5, we have dU P GM A (L˜1 , L˜2 ) = 21 and
˜ ˜
dU P GM A (L˜01 , L˜02 ) = 100
101 > dU P GM A (L1 , L2 ), which match our expectation.
Dual Minimal Match (DMM) Linkage Criterion
In this part, we first explain the core concept of the DMM linkage criterion, and then
we give the formal distance definition together with one simple example to illustrate the
definition. For the sake of simplicity in explanation, the event log we use only contains
trace-variants with cardinality L̃(σv ) = 1 as defined in Definition 2.18, i.e., the tracevariant is equivalent to the trace itself. Moreover, the inter-trace distance option we use
in the example is the normalized Levenshtein distance.
Unlike to UPGMA approach, the Dual minimal match (DMM) linkage criterion aggregates the minimal pairwise inter-trace distances between two clusters as the inter-cluster
distance. As the name ’dual minimal match’ indicates, we find minimal inter-trace distance match for every trace in the cluster in both directions, i.e., from log A to B and vice
versa, which ensures the DMM distance is non-directional, i.e., the distance is identical
regardless which direction we conduct firstly. Figure 4.7 shows the first step of DMM,
which we find the minimal distance match for every trace in A by traversing traces in B.
For example, for the first trace σA1 in A, the minimal distance match between σA1 and B
is d(A1 , B) = min{d(A1 , Bm )}, 16m6n. Then, we repeatedly find the minimal match for
every trace in A. Similarly, we repeat the steps to find the minimal match for every trace
in B by traversing traces in A. Finally, we average over all minimal matches to derive the
DMM inter-cluster distance between A and B.
Definition 4.6 (DMM Inter-cluster Distance). Let L˜1 , L˜2 be two event logs, σv1 and σv2
be any trace-variant in log L˜1 , L˜2 , L˜1 (σv1 ), L˜2 (σv2 ) be the cardinality of trace-variants.
min = arg min
σv2
σv2 {d(σv1 , σv2 ) | σv2 ∈L2 } denotes every minimal match σv2 in L2 for every
min . Therefore, the DMM inter-cluster
trace-variant σv1 in L1 , and similar case for σv1

Figure 4.7: DMM inter-cluster distance between cluster A and B.
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distance between two logs is a function dDM M : B(A∗ ) × B(A∗ ) → [0, 1],
dDM M (L˜1 , L˜2 ) =

P ˜
min ) · d(σ , σ min ) + P L
˜2 (σv2 ) · L˜1 (σ min ) · d(σv2 , σ min )
L1 (σv1 ) · L˜2 (σv2
v1 v2
v1
v1

σv1

σv2

P ˜
min ) + P L
˜2 (σv2 ) · L˜1 (σ min )
L1 (σv1 ) · L˜2 (σv2
v1

σv1

σv2

min )
d(σv1 , σv2

where
denotes the inter-trace distance between trace σv1 and
any inter-trace distance measure.

min
σv2

(4.9)
based on

Assume we have two simple event logs, each containing two traces. L˜1 = [ha, bi, hc, di]
and L˜2 = [ha, bi, hc, ei], and we calculate inter-cluster distance between these two event
logs. Figure 4.8a shows the first step of DMM, which we the minimal distance match for
every traces in L˜1 by traversing L˜2 . For example, for the first trace σ1 in L˜1 , we calculate
all possible inter-trace distance with traces in L˜2 , in this case are d1,3 = 0 and d1,4 = 1.
Therefore, the minimal match for σ1 in L˜1 is σ3 , thus we keep this arrow d1,3 solid, and all
th other inter-trace distance between σ1 and L˜2 are kept dotted. Similarly, the minimal
match for σ2 is σ4 and the minimal distance is d2,4 = 12 .
We repeat the minimal search procedure, but now in another direction from L˜2 to L˜1 .
Traversing L˜2 , the minimal distance between σ3 and all the traces in L˜1 is d3,1 = 0.
Similarly, for σ4 is d4,2 = 12 . After deriving the four minimal match distances in both
direction, according to Definition 4.6, the inter-cluster distance between the two logs L˜1
and L˜2 is just the average of the four distance values together with their trace cardinality
(here all equals to 1 for simplicity), i.e.,
0 + 21 + 0 +
d1,3 + d2,4 + d3,1 + d4,2
dDM M (L˜1 , L˜2 ) =
=
2+2
|L˜1 | + |L˜2 |

1
2

=

1
4

(4.10)

One of the benefits of using dual minimal match DMM distance is that it intuitively
indicates the inter-cluster distance between two logs sharing the same set of trace-variants
is zero. In other words, the DMM distance puts emphasis on the process model perspective,
the distance between the aforementioned logs is zero because they generate same process
model. For example, given event log L̃ = [ha, bi, ha, ci], the DMM distance between L̃ and
itself is zero, since they generate the identical model, which is intuitively understood.

(a) Step 1: DMM in direction L1 to L2 . Lines
with arrows indicate the direction, solid lines d1,3
denotes the minimal distance between σ1 and σ3 ,
dotted lines denotes all the other linkages.

(b) Step 2: DMM in direction L2 to L1 . Similar
to Step 1, the minimal distance matches from L2
to L1 are in orange. And the ones from L1 to
L2 are in blue.

Figure 4.8: Two steps of DMM linkage criterion, d1,3 denotes the normalized Levenshtein
distance dN L (σ1 , σ3 ) between σ1 and σ3 .
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Inter-cluster Distance Measure Principle
After introducing the two trace-based linkage criteria to calculate inter-cluster distance
and their benefits and drawbacks, it is important to emphasize the commonality of the two
criteria, which should also be obeyed by all inter-cluster distance metrics. The distance
measure principle is: when two clusters are less similar to each other, the derived intercluster distance is larger. It is obvious that different linkage criteria lead to a difference in
the absolute value of inter-cluster distance. Therefore, when measuring the distance, we
emphasize on the principle instead of the absolute distance values.
Assume we have same event log example as before, two logs L˜1 = [ha, bi, hc, di] and
L˜2 = [ha, bi, hc, ei], thus, for simplicity, all traces have cardinality of one. Figure 4.9a
and Figure 4.9b show the UPGMA and DMM inter-cluster distance between these two
logs respectively. Assume we add one new unrelated trace σ5 = hf, gi to L˜1 , which obviously makes new log L˜01 less similar to L˜2 since the activities f, g does not appear in
L˜2 . Afterwards, we calculate the new inter-cluster traces between new L˜01 and L˜2 . In
Figure 4.9c, we have two green newly-added distance d5,3 and d5,4 and we average over
the six inter-trace distance to calculate the new UPGMA distance, dU P GM A (L˜01 , L˜2 ) =
0+1+1+ 12 +1+1
= 34 . And in Figure 4.9d, the minimal match for
6
˜
or σ4 in L2 since the inter-trace distances are the same, here we

new trace σ5 is either σ3
choose σ4 as the minimal
match. Therefore the new inter-cluster DMM distance is the average over these five values,
0+ 1 +0+ 1 +1
dDM M (L˜01 , L˜2 ) = 2 5 2 = 25 . As we observed from Figure 4.9, for both linkage criteria, the inter-cluster distance increases as we add the new strange trace into L˜1 . Therefore,

(a) UPGMA criterion before adding new trace, (b) DMM criterion before adding new trace,
dU P GM A = 58 .
dDM M = 41 .

(c) UPGMA criterion after adding new trace, (d) DMM criterion after adding new trace,
dU P GM A (L˜01 , L˜2 ) = 34 .
dDM M (L˜01 , L˜2 ) = 25 .

Figure 4.9: Adding one new trace-variant σ5 = hf, gi to L˜1 for both linkage criteria. The
green color denotes the newly added trace and distances.
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it shows that both UPMGA and DMM linkage criteria are proper distance measures that
match the measure principle, i.e., it can distinguish if two clusters are more different with
each other via the inter-cluster distance calculation. Even though the absolute distance
value varies between criteria, e.g, between Figure 4.9a and Figure 4.9b, it is only due to
the different linkage methods we defined.

4.2.2

DFG-based Distance Measures

In this part, we introduce another distance measure shown in the general framework in
Figure 4.1, which is based on the abstract representations extracted from two clusters, instead of the inter-trace distance, to calculate the inter-cluster distance. In the context of
this thesis, we first transform two event logs into two behavioral abstract representations,
i.e., two directly follows graphs, and then extract all the activities and directly follows
relations for the two graphs. Second, we build the activity vectors and direct succession
vectors for the two graphs following the idea of the feature vector approach used in Section 4.1, and then the inter-cluster distance is directly computed from the two behavioral
vectors w.r.t. the DFGs.
We first illustrate the algorithm of DFG-based inter-cluster distance computation and
in the meanwhile give formal definitions. After that, a simple example in Figure 4.10
is used to illustrate the algorithm. The DFG-based approach first transforms the two
logs into two directly follows graphs, which is an abstract representation of the log. As
shown in Figure 4.10, the number on the vertices denotes the number of occurrence of
the corresponding activities and the number on the edges denotes the frequency of the
corresponding direct follows relations. Secondly, we extract all the information of activities
and direct follow relations from two abstract representations and form the activity vectors
and direct succession vectors as defined in Equation 4.2 and Definition 4.2. However, the
modification on the definitions is that the input is not longer the trace itself, but the event
log. After deriving the activity and direct succession vectors for the corresponding event
logs, we follow the concept of behavioral inter-trace distance in Definition 4.4 to derive
the DFG-based inter-cluster distance as a weighted average of the corresponding activity
and direct succession distances between two abstractions.
Definition 4.7 (Activity Vector). Let A = {a1 , a2 , ..., a|A| } be the set of all activities in
the event log L̃, the |A|-dimensional activity vector of one sublog L˜v ⊆ L̃ is defined as a
~ ˜v ∈N|A| , given by
function A
0
L
~ ˜v = (|L˜v |a , |L˜v |a , ..., |L˜v |a ), or
A
1
2
|A|
L

~ ˜v (ai ) = |L˜v |a
A
i
L

(4.11)

where |L˜v |ai denotes the number of occurrence of the activity ai in the sublog L˜v .
Definition 4.8 (Direct Succession Vector). Let L̃∈B(A∗ ) be an event log, >L̃ be the
multiset of all possible directly follows relations in event log L˜v . Let L˜v ⊆ L̃ be one
sublog, and a1 , a2 ∈A be two activities, the direct succession vector of the sublog L˜v is
~ ˜v ∈NA×A ,given by
defined as a function S
L

~ ˜v (a1 , a2 ) =
S
L

X

0

|{16i6|σ| − 1 | σ(i) = a1 ∧σ(i + 1) = a2 |}, ∀(a1 , a2 )∈A

σ∈L˜v
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Figure 4.10: Graphical explanation of DFG-based inter-cluster distance measure.
Definition 4.9 (DFG-based Inter-cluster Distance). Let log L˜v1 , L˜v2 be two sublogs of
the complete event log L̃ and dAct , dSuc be the activity and direct succession distance respectively, let α∈[0, 1] be the weight parameter, then the DFG-based inter-cluster distance
between two sublogs is a function dDF G : B(A∗ ) × B(A∗ ) → [0, 1]:
dDF G (L˜v1 , L˜v2 ) = α · dAct (L˜v1 , L˜v2 ) + (1 − α) · dSuc (L˜v1 , L˜v2 )

(4.13)

where 0 means two traces are behaviorally identical and 1 means two traces are completely
behaviorally different. From the definition of cosine similarity, the two cosine distance
components are,
~ ˜v1 , A
~ ˜v2 ), dSuc (L˜v1 , L˜v2 ) = 1 − sim(S
~ ˜v1 · S
~ ˜v2 )
dAct (L˜v1 , L˜v2 ) = 1 − sim(A
L
L
L
L

(4.14)

Here, we give a simple example to illustrate the measure, we assume we have two sublogs
L˜1 = [ha, bi, ha, b, ci] and L˜2 = [ha, bi, ha, ci] of certain complete event log L. And
our first task is to transform them into two directly follows graphs as shown in Figure 4.10. For example, Figure 4.11 shows the vectors we need to derive. The set of all
activities of the complete event log L is {a, b, c}, so the activity vector for the sublog
~ ˜1 = (2, 2, 1), and similarly, A
~ ˜2 = (2, 1, 1). We also reL˜1 = [ha, bi, ha, b, ci] is A
L
L
define the definition of direct succession vector w.r.t., the sublogs. the directly follows relations are >L̃ = [(a, b)3 , (a, c), (b, c)], and the direction succession vector for log
~ ˜1 = (2, 0, 1) and S
~ ˜2 = (1, 1, 0). Therefore, based on the four
L˜1 = [ha, bi, ha, b, ci] is S
L
L
A
~
AL˜1
~ ˜2
A
L

a
2
2

b
2
1

c
1
1

>L̃
~
SL˜1
~ ˜1
S
L

(a, b)
2
1

(a, c)
0
1

(b, c)
1
0

(a) Activity vectors for two sublogs in DFG- (b) Direct succession vectors for two sublogs in
based distance.
DFG-based distance.

Figure 4.11: Activity and direct succession vectors for L˜1 = [ha, bi, ha, b, ci] and L˜2 =
[ha, bi, ha, ci] in DFG-based inter-cluster distance calculation.
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vectors we derived, we calculate the DFG-based inter-cluster distance in Figure 4.10 using
formulas in Definition 4.9. The activity vector distance dAct (L˜v1 , L˜v2 ) = 0.05 and direct
succession distance dSuc (L˜v1 , L˜v2 ) = 0.37, therefore, if the weight parameter α = 0.5,
dDF G (L˜v1 , L˜v2 ) = 0.21.

4.3

Agglomerative Hierarchical Clustering

In this section, we introduce the last step of the framework illustrated in Figure 4.1, i.e., the
algorithm of hierarchical clustering. First, we give an overview of the algorithm and then
we formalize the common linkage methods generally introduced in the framework at the
beginning of Chapter 4. Moreover, we explain the steps of clustering via an example.
After calculating all the inter-cluster distances between sublogs, we are able to form the
distance matrix D. Based on the matrix, we start from initial clusters and group clusters
step by step using the distance information in the matrix as well as formulate a corresponding dendrogram. First, the overview of the agglomerative hierarchical clustering
algorithm for N sublogs Lv1 , ..., LvN is described as the following steps:
1. Start with N initial clusters, determine the similarity or distance (dissimilarity)
between each pair of sublogs, i.e., form an N × N symmetric distance matrix D =
[di,j ], where i, j = 1, 2, ..., N .
2. Search the distance matrix D and group two most similar sublogs (or clusters)
Cm , Cn into one cluster Cmn .
3. Update the distances between the new-formed cluster Cmn and all other clusters.
All distances unrelated to Cm , Cn remain unchanged.
4. Repeated Step 2 and 3 iteratively until all sublogs are in one cluster or specific
stopping condition (e.g., specific final cluster number) is satisfied.

4.3.1

Linkage Methods

Linkage methods determine the distance between clusters as a function that aggregate
pairwise distances between elements via different combinations. We already introduced
two specific linkage criteria to aggregate the inter-trace distances to derive the inter-cluster
distance in Section 4.2, i.e., the UPGMA and DMM linkage criteria. However, in this
section, we propose four other common linkage methods that are targeted at aggregating
inter-cluster distances, i.e., we update the distance between clusters in algorithm Step 3
via different linkage methods. Here, we formalize three common linkage methods, i.e.,
single linkage, complete linkage, and average linkage, together with the recomputation
linkage, which is special for trace clustering.
• Single Linkage: The distance between two clusters is determined by the minimal
pair distance of all pairs of elements (or sublogs in this case) inside the two clusters.
Mathematically, given two clusters C, C 0
dC,C 0 = min{dvi ,vi0 }

∀Lvi ∈C, Lvi0 ∈C 0 .

(4.15)

Taking the dendrogram in Figure 4.12a as an example, after we group sublog Lv3 , Lv4 ,
into one cluster Cv3,4 , we need to update the distance between new cluster Cv3,4 and
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Lv1

Lv2

Lv3

Lv4

Lv5

(a) Dendrogram example, when sublogs are
grouped together, we prefer to name them as
Cluster C, e.g., Cv3,4 .

(b) Inter-cluster distance between cluster
Cv3,4 and cluster Cv5 is determined by the
aggregation way of linkage methods.

Figure 4.12: Illustration of linkage methods when updating inter-cluster distance.
all other clusters. According to Equation 4.15, the distance between clusters Cv5 (or
Lv5 ) and Cv3,4 is dv5 ,v3,4 = min{dv5 ,v3 , dv5 ,v4 }, as shown in Figure 4.12. Similarly, we
calculate the distance between Cv1 , Cv2 and Cv3,4 .
• Complete linkage: The mechanism of complete linkage methods is similar to the
single linkage method, i.e., they both focus on the supreme distance value. However,
distance between two clusters for complete linkage is determined by the maximal
pair distance of all pairs of sublogs inside the two clusters. Mathematically, given
two clusters C, C 0
dC,C 0 = max{dvi ,vi0 }

∀Lvi ∈C, Lvi0 ∈C 0 .

(4.16)

For example, as shown in Figure 4.12, the inter-cluster distance between clusters Cv5
and Cv3,4 is dv5 ,v3,4 = max{dv5 ,v3 , dv5 ,v4 }
• Average linkage method: This method is consider as an comprise between single
linkage and complete linkage, the distance between two clusters for average linkage
is determined by the average distances of all pairs of sublogs inside the two clusters.
Mathematically, given two clusters C, C 0
P P

dC,C 0 =

i

dvi ,vi0
|C||C 0 |
i0

∀Lvi ∈C, Lvi0 ∈C 0 .

(4.17)

where |C| means number of elements(sublogs) inside cluster C.
For example, as shown in Figure 4.12, the inter-cluster distance for average linkage
d
+d
method between clusters Cv5 and Cv3,4 is dv5 ,v3,4 = v5 ,v3 2 v5 ,v4 , as the size of cluster
|Cv3,4 | = 2 and the size of cluster |Cv5 | = 1.
• Recomputation: All three linkage methods above are general methods for all circumstances. However, in the context of event data clustering, people may argue it
is not so trivial and understandable that the distance between cluster Cv5 and Cv3,4
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should be the average of the distance between Cv5 , Cv3 (dv5 ,v3 ) and Cv5 , Cv4 (dv5 ,v4 ).
It’s more accurate for us to directly recompute the distance between the new-formed
cluster and all other clusters with provided inter-cluster distance methods. Because
the new-generated cluster, e.g., cluster Cv3,4 here, is also one larger sublog, it’s more
consistent to directly recompute the distance between Cv5 and Cv3,4 with the distance measure methods introduced in Step 1, i.e., two trace-based approaches and
one DFG-based approach, other than applying the three general linkage methods.
The linkage methods we choose to implement in this thesis work are the average linkage
method and recomputation method, but generally, users can also implement any other
linkage method with their preference in this framework.
Furthermore, it is important to notice that after we use UPGMA distance measure to
calculate inter-cluster distances, the recomputation linkage is equivalent to the average
linkage method at Step 3 of the algorithm, because from Equation 4.7 and Equation 4.17
we can see that they are essentially the same equation. Therefore, if we choose the UPGMA inter-cluster distance method to form the distance matrix, the following hierarchical
clustering algorithm can choose either recomputation or average linkage method to group
cluster gradually.

4.3.2

Distance Matrix Update

It is also worth mentioning the change mechanism of distance matrix D at Step 3 of the
agglomerative hierarchical clustering algorithm. For example, one possible initial distance
matrix D∈R5×5 that matches the dendrogram in Figure 4.12a, is proposed in Figure 4.13a.
Since the distance between clusters Cv3 and Cv4 is the minimal, they are the first pair to
be grouped together according to algorithm step 2.
Afterwards, rows and columns corresponding to clusters Cv3 and Cv4 are deleted. And one
new row and column from new cluster Cv3,4 is added, which contains updated distances
between cluster Cv3,4 and all the other clusters. Therefore, the size of matrix is also reduced
to 4 × 4. As shown in Figure 4.13b, three updated inter-cluster distance from new-formed
cluster Cv3,4 is calculated with any linkage methods mentioned above. Afterwards, the
algorithm repeats step 2 and 3 iteratively til the stopping condition is satisfied. In the case
of dendrogram in Figure 4.12a, after Cv3 and Cv4 are grouped together, cluster Cv3,4 is
merged with Cv5 and then Cv1 , Cv2 are grouped together. Finally, all clusters are merged

Cv1
Cv2
Cv3
Cv4
Cv5

Cv1
0








Cv2
0.5
0

Cv3
0.8
0.7
0

Cv4
1
0.8
0.2
0

Cv5
0.7 
0.6 

0.3 

0.4 
0

Cv1
0

Cv1
Cv2 

Cv3,4 
Cv5


Cv2
0.5
0

Cv3,4
dv1 ,v3,4
dv2 ,v3,4
0

Cv5

0.7
0.6 


dv5 ,v3,4 
0

(a) Initial distance matrix D∈R5×5 . Red value (b) Distance matrix after step 3 update,
0.2 denotes the minimal distance.
D2 ∈R4×4 .

Figure 4.13: Distance matrix update under different linkage methods at algorithm step 3.
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into one complete log L in default, which completes the algorithm in the beginning of
Section 4.3.
We also propose the Pseudo code of agglomerative hierarchical clustering algorithm containing the whole general framework in Figure 4.1. The attribute-driven hierarchical event
log clustering algorithm also includes the three algorithms we introduced to calculate the
inter-cluster distance, i.e., DMM algorithm fDM M , UPGMA algorithm fU P GM A and DFG
algorithm fDF G . The algorithm starts with one event log and user-selected case attribute,
the first step (Lines 3-8) is to separate the complete log into |C| sublogs as initial clusters
and establish the distance matrix based on them. Then, Line 9-19 perform the algorithm
Step 2 and 3. After discovering the two most similar sublogs (Line 10), they are grouped
together and then both the distance matrix D and the cluster C itself are updated, thus
the information of this clustering step is recorded in matrix Z (Lines 11-16). Afterwards,
all inter-cluster distances regarding the new cluster are computed (Lines 17-19). In the
end, both the final cluster C of size |k| and the clustering information matrix Z are returned.
Algorithm 1: Attribute-driven hierarchical event log clustering algorithm
Input: Event log L∈B(A∗ ), selected case attribute a∈C a , final number of
clusters k.
Output: Result cluster C, Linkage matrix storing all cluster information Z.
1 D ← Inter-cluster distance matrix of size R|C|∗|C| ;
2 count ← 1, count denotes the number of matrix update.;
3 C = P(L, C a );
/* divide complete event log L into |C| initial
clusters (sublogs). */
/* calculate the distance matrix D
*/
4 for every Cvi ∈C do
5
for every Cvj ∈C do
6
D[i, j] ← dist(Cvi , Cvj ) ;
/* dist denotes function fDM M , fU P GM A
or fDF G . */
7
end
8 end
/* agglomerative hierarchical clustering
*/
9 while |C| > k do
10
(Cvm , Cvn ) ← f ind_closest_clusters_pair(D);
/* distance matrix update
*/
11
delete D[Cvm , :], D[:, Cvm ], delete D[Cvn , :], D[:, Cvn ];
12
add D[Cv|C|+count , :], D[:, Cv|C|+count ];
13
delete Cvm , Cvm ;
14
add Cv|C|+count ;
15
Z ← Z + [vm , vn , v|C|+count , D[Cvm , Cvn ]];
16
count ← count + 1;
17
for every Cvi ∈C \ Cv|C|+count do
18
D[Cvi , Cv|C|+count ] ← update via linkage methods;
19
end
20 end
21 return Z, C
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4.4

Discussion

In this section, we discuss the limitation of the trace-based Dual Minimal Match (DMM)
distance measure and the potential alternative to it. In some special cases, the DMM intercluster distance measure is sensitive to certain outliers that affect the minimal distance
dramatically, as shown in Figure 4.14.
Assume we have two logs, both have a triangular-shaped trace distribution, i.e., all the
traces {σ1 } in L1 are in the bottom (right) side except one outlier one the top (left) vertex
σO1 . And the same situation for L2 . Due to the definition of DMM, the minimal match
for all traces in L1 is σO2 , and similarly, the minimal match for all traces in L2 is σO1 .
According to Definition 4.6, we can derive the DMM distance between two logs is almost
equal to the average of the distances d({σ1 }, σO2 ) and d({σ2 }, σO1 ), i.e., average of d1 , d2 .
O2 )+d({σ2 },σO1 )
2
So dDM M ≈ d({σ1 },σ
= d1 +d
2 . However, as we observed, dominant traces
|{σ1 }|+|{σ2 }|
in L1 are {σ1 } and dominant traces in L2 are {σ2 }, therefore, the inter-cluster distance
should be close to the distance between these two traces sets, i.e., distance dactual , which is
much larger than the derived dDM M . In conclusion, the DMM linkage criterion is sensitive
to the minimal match itself, i.e., the context, or graphically saying, the location of the
minimal match affects the DMM distance to some extent, especially when the minimal
match itself is an outlier.
The UPGMA linkage criterion is one alternative solution to the problem of DMM in
Figure 4.14. Because the UPGMA methods takes all possible inter-trace distance into
account, the weight of minimal match distance d1 and d2 is rather small compared to the
major weight between {σ1 } and {σ2 }, as there are |{σ1 }| · |{σ1 }| possible pairwise intertrace distances. Therefore, the UPGMA inter-cluster distance is dominant by the distance
between {σ1 } and {σ2 }, i.e., it is approximate to dactual and matches the behavioral
meaning. Therefore, we provide these two inter-cluster distance measures as options so
that users can select based on the situations they encounter.

Figure 4.14: Example shows the limitation of DMM criterion. Log L1 is the blue dotted
triangle, and L2 is the orange one. Two special outliers for two logs are σO1 , σO2 respectively. We also assume all other traces in L1 are in the set {σ1 }, similar for {σ2 }. And d1
denotes the average distance between traces in {σ1 } and σO2 , similarly for d2 .
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Implementation
In this chapter, we introduce the implementation of the attribute-driven hierarchical event
log clustering algorithm. Second, we present the functions and usage of the user-interactive
web-based tool we developed to implement our framework.

5.1

Code Implementation

The implementation of this framework algorithm is publicly available at Github, https:
//github.com/caoyukun0430/pm4py-source/tree/yukun_paper. The implementation
of the algorithm is developed based on the PM4Py library [14] (https://pm4py.fit.
fraunhofer.de), which is an open-source python library that supports the process mining
algorithms in python.
The main function of the implementation follows the framework Figure 4.1 and we use the
Scipy package1 for hierarchical clustering and generating dendrograms. Moreover, we offer
one test example on Github for people to simply try out our implementation. As stated
in Algorithm 1, the inputs of our implementation are: 1. Input log, 2. Case attribute, 3.
Distance measure approach (DMM, UPGMA or DFG) 4. Final number of clusters. After
receiving these inputs, the main function returns the dendrogram of the clustering results,
together with the evaluation results, which measure the clustering quality. Moreover, the
detailed requirements to run the implementation are available at https://github.com/
caoyukun0430/pm4py-source/tree/yukun_paper/README.md.

5.2

Interactive Tool Implementation

Besides the source code implementation, we also develop an interactive web-based tool
to visualize our algorithms. The interactive tool is developed based on the PM4Py
Web Services (http://pm4py.pads.rwth-aachen.de/pm4py-web-services/), which is
developed under the Angular framework. Our interactive front-end tool is also publicly
available at https://github.com/caoyukun0430/pm4py-ws/tree/dev-yukun.
We now introduce the functions and usage of our interactive tool. As shown in Figure
5.1, the interface is divided into three main parts. First, the top information bar indicates
1

A Python-based open-source package, https://www.scipy.org.
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Figure 5.1: Web-based user interface of framework implementation.

Figure 5.2: Node expand visualization on ’Resource07-35’.
the basic information of the selected event log, viz., the log name, the number of variants,
cases, and events in the log, together with the case attribute selected for clustering. The
second part is the main visualization part, the left side shows the dendrogram generated
from the hierarchical clustering algorithm and the right side responsively visualizes the
corresponding process models from the user-selected node in the dendrogram. For example, the user select node representing Clusters ’Resource 07-35’ in the dendrogram, then
the node expands to show its two children clusters as shown Figure 5.2. Moreover, the
model visualization section on the right side responsively shows the process model of node
’Resource 07-35’ together with the process models of its two children clusters, which is
quite convenient for users to propose model comparison.
The third section is the function part. In the cluster methods selection menu, users can
select the inter-cluster distance computation methods, viz., DMM linkage approach (with
syntactic/ behavioral inter-trace distance), UPGMA linkage approach (with syntactic/
behavioral inter-trace distance), or DFG-based approach. In the filter menu, the user can
propose pre-processing attribute filtering on the event log, e.g., if users are interested in
clustering only sublogs under certain attribute values instead of the whole event log, they
can use the attribute filter function shown in Figure 5.1.
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Chapter 6

Evaluation
In this chapter, we present the results of the evaluation of the proposed attribute-driven
hierarchical clustering techniques. The evaluation contains both the qualitative perspective on the dendrograms and the quantitative perspective of the process model quality.
This chapter is divided into three sections, first, we emphasize on the four evaluation
criteria in the context of process model quality introduced in Section 2.5. Second, we
conduct evaluations on our synthetic self-built logs qualitatively to illustrate the correctness of our techniques. Afterwards, we propose the evaluation on a large scale of real-life
event data also in both qualitative and quantitative aspects, i.e., analyzing the clustering
dendrograms together with model quality. Furthermore, all the plots and related data
present in this chapter are publicly available at https://github.com/caoyukun0430/
pm4py-source/blob/yukun_paper/trace_cluster/example/thesis_plots.zip.

6.1

Process Model Quality Criteria

After conducting the hierarchical clustering techniques, we obtain a certain number of final
clusters of sublogs as results. However, in order to have a direct impression of whether
they are similar or not, we need to generate process models regarding to these clusters.
Moreover, we emphasize on the model quality to understand that to what extent, the
model accurately captures the behaviors inside the event log.
In the remainder of this chapter, for quantitative evaluation, we focus on the evaluation
of replay-fitness, precision and F-measure (or F1-score) defined in Section 2.5 of process
models in each hierarchy level always w.r.t the complete event log. The reason we measure
the average quality of process models from sublogs w.r.t. the complete log is that we
are interested in identifying to what extent the process models discovered from sublogs
capture the behavior in the complete log in general via the three quality criteria. As
we move deeper into the hierarchy level of clustering, i.e., the number of final cluster
increases, we expect to see the average precision values of process models discovered from
these final clusters w.r.t. the complete log increases because we obtain gradually simpler
process models by splitting the complete log. On the contrary, we expect to see decrease
in the average replay-fitness values since the clusters only capture the partial behavior
of the complete log. The main expectation of our quantitative evaluation is to see the
average quality (F1-score) of process models increase by clustering, i.e., the increase in
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precision outperforms the decrease in replay-fitness, which indicates we split the complete
into meaningful subsets such that the corresponding process models are of better quality
by the attribute-driven clustering technique.

6.2

Evaluation on Synthetic Data

In this section, we start by introducing the synthetic experimental setup, i.e., the idea
to built the synthetic event log for testing and the ground truth results that we expect
our algorithm to return so that we can prove the correctness of them. Second, we discuss
the clustering results on the synthetic logs qualitatively, i.e., the resulting dendrogram
together with the process models generated at each hierarchy of the dendrogram. Moreover, we qualitatively compare our clustering results with one well-known trace clustering
technique. Afterwards, we also conduct scaling performance experiments on the synthetic
logs to test the time performance of our algorithms w.r.t. the log size.

6.2.1

Experimental Setup

The core idea for us to design the synthetic data is that the log we create contains several
typical different and distinguishable processes such that our clustering algorithms are able
to decompose them from the complete event log. Since we design these typical different
processes, we know exactly what the clustering algorithm should return us, i.e., we expect
to see the clustering algorithm cluster the initial clusters correctly and finally returns us
the exact number of clusters that correspond to the designed typical processes, which is the
ground truth of the event log clustering. Therefore, with the help of the synthetic log, we
can easily assess the correctness of our clustering algorithms, and then, more experiments
can then be conducted on the real-life data.
In our case, we design our event log with the help of PTandLogGenerator package from
[34], which is an open-source tool that we can generate event log from the customized
process tree. We first design four typical process trees as the four expected clustered
results manually, which correspond to the four process models in Figure 6.1. As we can
see here, the two process models in Figure 6.1a are more distant from the two process
models in Figure 6.1b, where we replace the parallel structure c, d with the single activity
i in Figure 6.1b. However, the two process models in Figure 6.1a are actually more similar
to each other as the only difference between process PA , PB is the choice between f, g and
h, so they are considered to be grouped together firstly, and it is the same case for the
two process models in Figure 6.1b.
After we design the four different processes, we need to generate one complete event log
containing all the four processes so that we can give it as input to our framework to test

(a) Two designed processes with parallel hc, di.

(b) Two designed processes with activity i.

Figure 6.1: Four typical manually designed processes to generate the synthetic event log.
46

Chapter 6. Evaluation

Figure 6.2: Merging 20 sublogs generated from 4 typical processes into one complete event
log, each sublog owns one unique case index value for identification.
Table 6.1: An example synthetic log containing 20 sublogs under the case attribute index.
Number of variants
Number of cases (traces) |L|
Number of events
Case attribute C a
Number of case attribute values |V |

9
1000 (20×50)
5746
index
20

our algorithms. We generate 5 event logs (each contains 50 traces) w.r.t. each process in
Figure 6.1, which returns us 20 event logs in total and these 20 event logs are the initial
clusters (sublogs) for our hierarchical clustering algorithm. In order to merge these 20
sublogs into one complete event log, we first define one case attribute named ’index’ for
the complete event log, and then we give each sublog one unique case attribute value as
identifier, which is the ’index’ value from 0 to 19, as shown in Figure 6.2. As described
in Table 6.1, the synthetic complete event log contains 20 case index values is used as the
input for the general framework introduced in Figure 4.1.
After we construct the synthetic event log described in Table 6.1, we go through the
proposed framework in Figure 4.1 to evaluate all our three inter-cluster distance measures, i.e., trace-based DMM approach, trace-based UPGMA approach, and DFG-based
approach. When constructing process models from event logs, we use the implementation
of Inductive Miner in ProM toolkit [35] or PM4Py library [14].

6.2.2

Qualitative Results

In this part, we present the clustering results based on our three different inter-cluster
distance measures, i.e., trace-based DMM approach, trace-based UPMGA approach and
DFG-based approach in Section 4.2, together with the average linkage method we use
for hierarchical clustering algorithm in Section 4.3. We use the feature vector approach
in Section 4.1 for inter-trace distance measures as a basis in both the two trace-based
approaches and the DFG-based approach, in order to keep consistency.
As described by the three dendrograms in Figure 6.3, the agglomerative hierarchical clustering techniques under all three inter-cluster distance measures group the sublogs correctly, since they match exactly the designed clustering procedures, i.e., the ground truth.
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First, the sublogs from the same process model are grouped together, e.g., sublogs 0 to 4
generated from process PA is clustered together into one cluster firstly as they are from
the same process, so these 5 sublogs are almost identical with small cardinality difference
and contain the same set of variants. This also occurs for sublogs 5-9, 10-14, and 15-19,
which form 4 new clusters in total. Second, two new clusters containing sublogs 0 to 9
in green are grouped together and the same for the sublogs 10 to 19. This matches the
group truth introduced in Figure 6.1 as process PA and PB are designed to be closer to
each other than to the other two red processes. Similarly, PC and PD are closer to each
other. Therefore, the clustering in three figures match the ground truth that sublogs under
process PA are grouped together with sublogs under PB secondly, same for sublog 10 to
19 in red. Finally, in the highest level of the hierarchy, the cluster containing sublogs 0 to
9 in green is combined with the cluster containing sublogs 10 to 19, such that we obtain
one complete event log L containing all 20 sublogs under 20 case index values on the top.
Moreover, we observe that there are differences in the three dendrograms shown in Figure 6.3 due to the difference in the three inter-cluster distance computation algorithms.
First, the dendrogram with DMM approach in Figure 6.3a is intuitive to users as the
DMM inter-cluster distances between sublogs under the same process are zero, i.e., distances among sublogs 0-4, 5-9, 10-14, 15-19 are zero. According to our explanation of the
DMM algorithm in Section 4.2, the DMM approach measures the minimal distance between clusters in both directions and emphasizes the process model perspective, i.e., DMM
distance between sublogs sharing the same set of trace-variants are zero as they generate
same process models. For example, the PTandLogGenerator generate 5 logs from process
PB composed of same trace-variants [hk, b, c, d, e, f, gi, hk, b, d, c, e, f, gi] with slight difference in cardinality, so the DMM distance among these 5 sublogs are zero, which explains
the zero distances in the first level of the hierarchy in Figure 6.3a. Second, compared to
Figure 6.3a, the dendrogram under UPGMA approach in Figure 6.3b owns an obvious
difference that, on the first level of hierarchy, the UPGMA distance among sublog 0-4,
5-9, and 10-14 are not zero. The reason is that, as explained in Section 4.2, the UPGMA
owns different linkage criteria and has the property that the absolute distance value between sublog sharing the same set of trace-variants are not zero due to the aggregation.
Moreover, it is important to note that both clustering results satisfy the measure principle
in Section 4.2, i.e., distances among more similar sublogs are less and are supposed to be
grouped firstly. For example, distances among sublogs 5-9 from the same process PB are
around 0.1, so these five are clustered together in the first level. Distance between sublog
5-9 and 0-4 is around 0.4, therefore, these two clusters of sublogs are grouped together in
the second level, right after the clustering of sublog 5-9 and 0-4 themselves. We can easily
observe that both the DMM and UPGMA dendrograms obey this hierarchical order of
clustering based on inter-cluster distance, which meets the measure principle. Moreover,
the absolute cluster distance values are not so important compared to the measure principle, as both clustering results in Figure 6.3a and Figure 6.3b are considered to be correct
even though they have differences in distance measures.
Third, the dendrogram under DFG-based inter-cluster measure is similar to the one under DMM approach, but with small ’unexpected’ distances among sublogs 0-4, 5-9, and
10-14, as shown in the red dotted circle in Figure 6.3c. DFG approach first transform
sublogs into abstraction models (DFGs), then directly compute distance between DFGs
using feature vector approach, therefore theoretically, DFG-based distances among sublogs
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(a) Dendrogram under DMM inter-cluster dis- (b) Dendrogram under UPGMA inter-cluster
tance measure.
distance measure.

(c) Dendrogram under DFG inter-cluster distance measure, where the red dotted circle denotes the small distances.

Figure 6.3: Clustering dendrogram results under 3 typical inter-cluster distance measures
introduced in Chapter 4, abd the linkage method used for clustering is average linkage
method in synthetic log.

generating same model, e.g., sublog 5-9, should be zero. However, the reason for the small
’unexpected’ distances is due to the difference in the cardinality of trace-variants from log
generation. Even though the 5 sublogs are generated from the same process, the PTandLogGenerator generate them with different trace frequency, e.g., two logs generated from
process PB in Figure 6.2 are sublog 5, L˜5 = [hk, b, c, d, e, f, gi28 , hk, b, d, c, e, f, gi22 ] and
sublog 6, L˜6 = [hk, b, c, d, e, f, gi25 , hk, b, d, c, e, f, gi25 ]. The sublogs are first aggregated
into two abstractions and then the behavioral abstraction vectors from DFG approach
captures the feature occurrences, where the different in cardinality leads to difference in
~ ˜5 (b, c) = 28 and S
~ ˜6 (b, c) = 25. Therefore, these result in
the behavioral vectors, e.g., S
L
L
the small distances in DFG measure. But these values are rather small comparing to the
distance between different process models, e.g., PA and PB , therefore, does not affect the
hierarchical clustering.
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Figure 6.4: Truncating dendrogram at different distance levels, i.e., stopping when number
of final clusters is 1, 2, and 4 respectively and generating corresponding process models
on the right.
Furthermore, we also compare the process models at each level of hierarchy in the dendrogram, in order to examine qualitatively whether, by hierarchical clustering, we obtain
multiple simplified and comprehensive process models from the complex process model
from the complete event data, as illustrated in Figure 1.1. We take the dendrogram in
Figure 6.3c as an example and cut the dendrogram at different distance levels, i.e., stop
clustering when the number of final clusters is 1, 2, and 4 respectively, and then generate
process models from these final clusters. As observed in Figure 6.4, the rather complex
Petri net on the top level is divided into multiple simpler and more comprehensive Petri
nets gradually as the number of clusters increases, and each process model represents one
typical process without overlapping on the third level of clustering based on case attribute
values. Therefore, our hierarchical clustering based on case index values can effectively
separate the complete process model into multiple comprehensive and simple models, so
that we reduce the model complexity as well as improve the understandability as these extracted models represent the typical, non-overlapping processes embedded in the complete
event log.
For synthetic logs, we also compare our clustering results with other available trace clustering techniques that are not targeted at sublogs based on certain case attribute, but merely
behavioral-driven. In this situation, we prefer to only compare with existing techniques on
our synthetic log since it owns only one case attribute, and it is still comparable between
techniques without specifying case attributes and our techniques. However, real-life event
data often contains multiple case attributes, our technique focus on understanding the

Figure 6.5: ActiTrac clustering technique on the synthetic log in Table 6.1, where the red
dotted areas denote the structures being captured and separated by the technique.
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processes under the user-selected attribute, but the general trace clustering techniques
don’t specify the case attribute. Therefore, these two kind of approaches are not comparable, i.e., even if the general techniques obtain process models with better quality, it
still can’t help the user to understand the processes since the results are not guaranteed
to be based on the selected attribute. Here we adopt one well-known clustering technique
in [15] named ActiTrac algorithm, which is publicly available in ProM. As we observe in
Figure 6.5, the clustering techniques starting from individual traces instead of the group
of traces under the case attribute, e.g., the ActiTrac algorithm, can not split the complete event log in a proper way. For example, the ActiTrac approach here only spilt the
two choice structures in the original model, however, the complex structure in the middle containing one silent transition remains unchanged in the three clustered models in
Figure 6.5, i.e., the clustering results can not clearly extract the typical processes embedded in the complete data. In other words, general clustering techniques like ActiTrac
have problems with separating the original complex model into multiple comprehensive
and non-overlapping models, which does not improve the understandability in this case.
Compared to this, our case-attribute-based clustering technique clusters sublogs under
different attribute values and finally returns 4 comprehensive process models PA , PB , PC ,
and PD , as shown in Figure 6.4.
The qualitative results in Figure 6.4 illustrate the correctness of our framework based
on the ground truth, i.e., the attribute-driven hierarchical clustering technique is able to
decompose the complete log into multiple comprehensive and non-overlapping processes,
such that the ground truth is reached.

6.2.3

Scalability Results

Besides the qualitative analysis on clustering results, we also test on the time performance
perspective of our algorithms, i.e., the time scalability of the algorithm w.r.t. the size of
the complete event log, or more specifically, the number of initial sublogs under the case
attribute values. Since our synthetic log is composed of sublogs generated from 4 typical
processes in Figure 6.1, we gradually increase the number of sublogs generated under each
process from 1 to 16 sublogs, i.e., the number of sublogs (or case index values) for the
complete log increases from 4 to 64. And also the number of cases in the complete log
increases from 200 (4*50) to 3200 (64*50), in which each sublog contains 50 cases. In
our experiments, we test the runtime of all five inter-cluster distance measures with the
average linkage method w.r.t. the number of sublogs. Table 6.2 describes the 5 intercluster distance measures with their corresponding abbreviations used for plots.
Theoretically, our algorithm is in O(n2 ) quadratic time complexity, where n is the number
Table 6.2: Five inter-cluster distance measures for time performance test with their abbreviations.
DMM approaches with behavioral trace distance
DMM approaches with normalized Levenshtein distance
UPGMA approaches with behavioral trace distance
UPGMA approaches with normalized Levenshtein distance
DFG approach
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Behav. TR.-DMM
Leven-DMM
Behav. TR.-UPGMA
Leven-UPGMA
Behav. CL.
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Table 6.3: Runtime in secs of 5 approaches with average linkage methods for number of
sublogs equals 4,8,16,32,64, where the last column is the average runtime increase rate of
each method.
Runtime(sec)

Num.

Method
Leven- DMM
Leven- UPGMA
Behav. TR.-DMM
Behav. TR.-UPGMA
Behav. CL.

4

8

16

32

64

Rate

0.020
0.017
0.410
0.416
0.098

0.087
0.094
1.796
1.873
0.489

0.363
0.355
7.879
8.131
2.759

1.574
1.422
32.316
34.648
7.950

6.340
5.641
137.640
142.843
35.865

∼4.2×
∼4.3×
∼4.3×
∼4.3×
∼4.5×

(a)

(b)

Figure 6.6: Two plots of runtime vs. number of initial sublogs increasing from 4 to 64.
of initial sublogs as inputs. The dominant time-consuming part in the framework in
Figure 4.1 is to calculate the inter-cluster distances between sublogs to form the distance
matrix D∈Rn×n and we consider single inter-cluster distance computation as a unit. Since
the matrix is symmetric, the number of iterations to form the upper triangular matrix is
n(n+1)
. When the number of sublogs is doubled to 2n, the number of iterations increases
2
2n(2n+1)
to
, which gives the quadratic time complexity.
2
As we observed from Table 6.3 and Figure 6.6a, the runtime of these 5 measures increase
quadratically with the number of sublogs increases, i.e., when the number of initial sublogs
doubles, the runtime of all five methods becomes approximately four times than the former, which matches the theoretical analysis. It is clearer in the logarithmic version in
Figure 6.6b that all the 5 inter-cluster measures follow the same time increase tendency.
However, there are large time performance differences between these methods. Both DMM
and UPGMA approach with Levenshtein inter-trace distance take the minimal runtime.
The reason is that first, compared to the feature vector based inter-trace approach, the
Levenshtein distance is quite simple and computational cheap to implement, i.e., only the
number of edit operations needed to be calculated, second, we use the existing Levenshtein
Python C extension 1 for computation, which makes it even faster than the DFG-based ap1

Open source Python extension at https://pypi.org/project/python-Levenshtein/.
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proach. As we explain in Section 4.2, the DFG-based approach owns small computation
effort because it directly computes the inter-cluster distance between DFGs and doesn’t
loop over the trace-variants as the DMM or UPGMA approach. Moreover, the DMM and
UPGMA approach based on behavioral vector distances take the most computation effort
because they need to loop over trace variants and for each inter-trace distance computation, they need to extract the values from activity and direct succession vectors.

6.3

Evaluation on Real-life Data

In this section, we present the evaluation of attribute-driven hierarchical clustering on
publicly available real-life event data. First, we explain the evaluation experiments setup,
i.e., the introduction to the data sets we use, etc. Second, we present the qualitative results
of our algorithm framework regarding the real-life event logs, i.e., we discuss the clustering
dendrograms together with the corresponding process models. Afterwards, we conduct the
quantitative evaluation on the real-life event logs, i.e., we evaluate the impact of different
distance metrics on the process model quality of each hierarchy level. Moreover, we also
compare how the algorithm preforms among a variety of different real-life event logs.

6.3.1

Experimental Setup

We use several publicly available real-life data sets from 4TU Research Data Center(https:
//data.4tu.nl/repository/collection:event_logs_real), including Business Process
Intelligence Challenge (BPIC) 2017 [2], the ’Receipt phase of an environmental permit
application process (WABO), CoSeLoG project’ event log (in short, Receipt log) [36] and
several other data sets. In particular, for qualitative and quantitative evaluations we emphasize on the Receipt log and BPIC 2017-Offer log and the basic information about these
two log are in Table 6.4 and Table 6.5. The Receipt log describes the execution of the
receiving phase of the building permit application process. It owns several case attributes
and we are interested in four of them, i.e., channel, department, group, and responsible
Table 6.4: Basic information of Receipt log [36].
Event log name
Num. of variants
Num. of cases (traces) |L|
Num. of events
Case attribute C a
Num. of case attribute values |V |

Receipt
116
1434
8577
{ channel, department, group, responsible }
{ 5, 3, 7, 39 }

Table 6.5: Basic information of BPIC 2017-Offer log [2].
Event log name
Numb. of variants
Num. of cases (traces) |L|
Num. of events
Case attribute C a
Num. of case attribute values |V |
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BPIC 2017-Offer
16
42995
193849
{ CreditScore }
520

Chapter 6. Evaluation

attributes as shown in Table 6.4, and we do not consider the time-related attributes, e.g.,
deadline, startdate and enddate. Among the 4 cases attributes of receipt log in Table 6.4,
the channel attribute has 5 attribute values, namely ’Post’, ’Desk’, ’Internet’, ’e-mail’ and
’Intern’. Similarly, the department attribute has 3 attribute values, namely ’Customer
contact’, ’Experts’ and ’General’. The group attribute has 7 numerical values indicating
the group number, i.e., Group 2, 5, 6, 7, 8, 10, 11. The responsible attribute has 39
different numerical values. For the receipt log, we conduct the qualitative evaluation on
clustering dendrograms on the basis of channel and department attributes, as these two
attributes has small number of attribute values and clear semantic meanings. Thus we
evaluate the clustering based on responsible attribute quantitatively since it has rather
large number of attribute values, so that we can assess the impact of clustering on process
model qualities.
The BPIC 2017-Offer log contains all offers made from the loan application processes.
It has multiple case attributes, e.g., ’ApplicationID’, ’CreditScore’, ’FirstWithdrawalAmount’, ’MonthlyCost’, ’OfferedAmount’, etc. As described in Table 6.5, the CreditScore
attribute owns 520 different attribute values, ranging from 0 to 1145. We merely interested
in investigating the CreditScore attribute both qualitatively and quantitatively because we
are particularly interested in discovering typical application behaviors on customers with
different credit scores.
When generating corresponding process models on the basis of clustering dendrograms, we
use the process mining toolkit ProM introduced above, and to be specific, we generated
Petri nets as models with the plugin Mine Petri Net with Inductive Miner.
Similar to our evaluation on the synthetic logs, we evaluate our 5 algorithms in Table 6.2
of real-life logs, and we also use the same abbreviations for quantitative evaluation plots.
Furthermore, for replay-fitness and precision calculation in quantitative evaluation, we use
the PM4Py implementations of alignment-based replay-fitness and ETConformance-based
precision.

6.3.2

Qualitative Results

In this part, we demonstrate the qualitative clustering results of receipt log under the
channel and the department attribute. Afterwards, we discuss the dendrogram and corresponding process models of BPIC 2017-Offer log under the CreditScore attribute. All the
hierarchical clusters in this part are computed using the DFG-based inter-cluster distance
measure together with the recomputation linkage method introduced in Chapter 4 for the
purpose of consistency.
In Figure 6.7, we first present the dendrogram result together with the corresponding
process models for each initial cluster of receipt log under channel attribute. We observe
that the 5 initial sublogs vary significantly in the log sizes |L|, i.e., the number of cases
inside the log. The sublog ’Intern’ contains only 1 case, which explains the extremely
simple corresponding Petri net in Figure 6.7b. Then the sublogs ’email’, ’Internet’, ’Desk’
and ’Post’ have 21, 1250, 109 and 53 cases respectively. As depicted in the dendrogram
in Figure 6.7a, the inter-cluster distance between sublog ’Intern’ and all the other sublog
are quite large, i.e., sublog ’Intern’ is the first one to be split out of the complete log.
The reason is that the sublog ’Intern’ is much simpler than all the other sublogs and the
clustering algorithm consider it as an independent process, or an ’outlier’ comparing to
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the other four rather complex process models in Figure 6.7c to Figure 6.7f, which also
explains the clustering behaviors in the dendrogram.
Regarding the clustering of the remaining four sublogs in green in Figure 6.7, we don’t have
any domain background knowledge or ground truth about the receipt event log, therefore,
it is difficult to prove the correctness of the clustering results. Therefore, we evaluate the
results in two aspects. First, we compare the process models generated from corresponding
sublogs. Second, we use the process model discovered from the sublog ’Desk’ as a basis,

(a) Dendrogram for channel attribute. The
inter-cluster distance among attribute values
’Desk’, ’Post’ and ’Internet’ are quite close, i.e., (b) Petri net for sublog under ’Intern’ channel
these three sublogs share similar behaviors.
value.

(c) Petri net for sublog under ’Post’ channel (d) Petri net for sublog under ’Desk’ channel
value.
value.

(e) Petri net for sublog under ’email’ channel (f) Petri net for sublog under ’Internet’ channel
value.
value.

Figure 6.7: Dendrogram of hierarchical clustering based on channel attribute of receipt
log together with generated process models for each initial sublog.
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and then investigate to what extent the ’Desk’ model captures/ replays the behaviors
described by all the other sublogs, i.e., inspect the replay-fitness between ’Desk’ model
and all the sublogs to deduce the proximity among them.
The Petri net from the sublog ’Desk’ perfectly replays the behaviors of the sublog ’Post’
with the replay-fitness equals to 1.0, which indicates that these two sublogs have minimal
inter-cluster distance in the dendrogram. Moreover, after we compare the two process
models in Figure 6.7d and Figure 6.7c together with their logs, we discover that the
behaviors in sublog under ’Post’ value are included in the sublog ’Desk’, which explains
the perfect fitness value. Hence, they are clustered together in the first place. Furthermore,
it is interesting to note that the ’Desk’ process model captures the behaviors in ’Internet’
and ’email’ cluster equally well with the same replay-fitness 0.98. As observed in process
models of the ’Desk’ and ’Internet’ sublogs, both models share many parallel structures,
which allow a large variety of behaviors. Similarly, process models of the ’Desk’ and
’email’ sublogs have structural commonality, but traces in the sublog ’email’ also contains
behaviors that are not in the sublog ’Desk’, e.g., the ’T03’ loop structure in Figure 6.7e,
which explain the 0.98 fitness value between the ’Desk’ model and ’email’ sublog.
Similarly, we also evaluate the clustering results of receipt log based on the department
attribute as it contains only three case attribute values and has similar results to the channel attribute. The sublogs under three department case attribute values vary significantly
in their log size, 15 cases belong to ’Experts’, 29 cases belong to ’Customer Contact’ and
the remaining 1390 cases belong to ’General’. Inspecting the 3 process models generated
from the initial sublog, we observe that process model from sublog ’Customer Contact’ is
to some extent uncomplicated and dominant by one simple trace containing only one activity. However, the process models of sublog ’Experts’ and ’General’ contains more loop
structures inside, especially the model of ’General’ sublog shown in Figure 6.8b, which
allow a rather large variety of behaviors. Therefore, it results in the dendrogram results
shown in Figure 6.8a, where sublog ’Experts’ and ’General’ has less inter-cluster distance,
and they are distant from the sublog under ’Customer Contact’.
Furthermore, we also analyze the clustering results for BPIC 2017-Offer log in Table 6.5
based on the CreditScore attribute, i.e., we investigate how sublogs under different CreditScore values behave. As we observed in Table 6.5, the CreditScore attributes have 520
different score values and it is impossible for us to directly compare the process models
generated from each initial cluster to understand the hierarchical clustering. This situation matches the research problem in Chapter 1 and can be solved by our clustering
techniques, i.e., we can truncate the clustering dendrogram in the highest several levels to
capture the typical processes embedded among these CreditScore attribute values.
As shown in the dendrogram in Figure 6.9, we only preserve the top 3 hierarchy levels, i.e.,
when the number of final clusters equals to 1 (just the complete log), 2 and 3. When the
final number of cluster is 2, the clustering algorithm first separate clusters under 0 credit
score from those with non-zero values, with log sizes 27735 and 15260 respectively. The
clustering indicates that the clusters under 0 credit score own quite different behaviors
compared to those clusters with non-zeros scores. So we investigate into traces in these
two clusters with ProM toolkit. As described in Figure 6.10a, sublog under zero value
is dominant by traces ended with activity O_Cancelled and O_Refused in total 80.35%,
however, the traces under non-zero values in Figure 6.10b is dominant by traces ended
with O_Accepted (94.38%). This difference in traces leads to the large behavioral inter56
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cluster distances between the two sublogs in the second hierarchy level and explains the
dendrogram. Moreover, it matches our expectation that people without credit score meet
more refuses than those with credit scores when they apply for financial loans in reality.
Afterwards, the sublog under non-zero values are further separated into sublogs under
4 credit scores ’541, 608, 625, 634’ and the other values, and these two sublogs vary
significantly in log sizes, the one with 4 values contains only 4 cases, and the rest owns
15256 cases. Similar to the situation of channel value ’Intern’ in receipt log, the clustering
algorithm considers the sublog under 4 values as an independent process (or an outlier),
which only allows for activity O_Sent (online only) in the process in Figure 6.9. Compared
to it, the sublog on the third level that excludes these 4 values shows a rather large variety
of behaviors.

6.3.3

Quantitative Results

In this part, we present the quantitative results of applying attribute-driven hierarchical
clustering techniques on multiple different publicly available event logs. First, we evaluate
the impact of different distance metrics and linkage criteria introduced in Chapter 4 on
the process model quality of receipt log, i.e., the replay-fitness, precision and F1-score of
process models in each hierarchy level discovered on the basis of the receipt log under
responsible attribute. Second, we compare how the techniques perform quantitatively
among multiple real-life event logs.
Results on Receipt Log
We evaluate all our 5 inter-cluster distance measures listed in Table 6.2 by measuring
the unweighted average replay-fitness, precision and F1-score of process models on each
hierarchical distance level in the dendrogram. Starting from the hierarchy root with one
cluster, which is the complete log, we transverse down the dendrogram and truncate

(a) Dendrogram for department attribute. The
inter-cluster distance among the attribute values ’Experts’, ’General’ are small, i.e., these two (b) Petri net for sublog under ’General’ departsublogs share similar behaviors.
ment value.

Figure 6.8: Dendrogram of hierarchical clustering based on department attribute of receipt
log and the process model of sublog under ’General’ attribute value.
57

Chapter 6. Evaluation

Figure 6.9: Truncating dendrogram at different distance levels, i.e., stopping when number
of final clusters is 1, 2 and 3 respectively and generating corresponding process models on
the each level.

(a) Sublog under CreditScore value equals 0.

(b) Sublog under CreditScore values are not 0.

Figure 6.10: Log information in ProM for two sublogs in the second hierarchy level with
zero and non-zero credit scrore.

whenever the number of final clusters increases, until the bottom of the dendrogram, where
we have n initial clusters (here, n=39 under responsible attribute). At each hierarchy level
i (16i6n), we have i final clusters, we calculate the replay-fitness, precision and F1-scores
of i process models generated from these clusters w.r.t. the complete event log, and then
compute the average values as the average replay-fitness, precision and F1-score at ith.
hierarchy level, i.e., when the number of final clusters is i. By comparing the average
F1-score at each hierarchy level, we can assess at which the number of final clusters in
clustering, we can obtain the best clustering result in the prospective of average model
F1-score quality.
We first examine the UPGMA inter-cluster distance measure with normalized Levenshtein
distance under the recomputation linkage criterion. As observed from Figure 6.11, the
F1-score gradually increases when the number of final clusters in the hierarchy increases
as we transverse down the dendrogram, and the average F1-scores always remain above
the original F1-score of the model discovered from the complete log. It proves that by
clustering, our average model quality in the deeper hierarchy level is improved. The
reason for the increase in the F1-score is that we have larger increase in the average model
precision than the decrease in the model replay-fitness when the number of final clusters
increases, as shown in Figure 6.11c and Figure 6.11d. Moreover, the boxplots provide the
information of how the individual values of the i number of final clusters are distributed
at ith. hierarchy level.
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The reason for the increase in precision and decrease in fitness is that, when the complete

(a) Dendrogram with 39 initial clusters.

(b) F1-score w.r.t. number of final clusters.

(c) Replay-fitness w.r.t. number of final clusters.

(d) Precision w.r.t. number of final clusters.

(e) Cluster size w.r.t. Num. of clusters, where
dot size denotes the frequency of clusters.

Figure 6.11: Dendrogram of receipt log under responsible attribute and plots of F1-score,
replay-fitness ,precision and cluster size w.r.t. the number of final clusters (hierarchy
level), where the dotted blue lines denote the corresponding values at the root hierarchy.
The boxplots denote the individual values distribution under each hierarchy level.
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log is divided into multiple sublogs, the models discovered from these sublogs can only
capture the partial behaviors of the complete log, which results in the decrease in fitness, on
the contrary, these sub-models become more precise as they allow less additional behaviors.
We take the dendrogram in Figure 6.11a as an example, the first step splits the complete
log into two clusters of size 52 and 1382 respectively, and these two ’similar’ clusters
both contain a large variety of loop structures with low precision, so the average precision
increases slowly as shown in Figure 6.11d. Compared to this, we witness a rapid increase
in precision and a drop in fitness when the number of final clusters increases to four.
We inspect the dendrogram and find out that one new ’outlier’ sublog containing exactly
one trace is split out, and the corresponding model is extremely simple, so it has almost
perfect precision (≈1.0) and rather low fitness (0.56), which explains the rapid increase in
the average precision when number of cluster equals 4. As we go deeply into the hierarchy,
the large clusters are gradually split into more smaller clusters with much higher precision
and relatively lower fitness values, which leads to the gradual increase in average F1-scores,
as shown in the boxplots in Figure 6.11 and Figure 6.11e, where the dot size denotes the

(a) F1-score w.r.t. number of final clusters.

(b) Replay-fitness w.r.t. number of final clusters.

(c) Precision w.r.t. number of final clusters.

Figure 6.12: Plots of average F1-score, replay-fitness and precision of models in different
hierarchy levels of the five distance measures for receipt log under responsible attribute.
The DMM- and DFG-based approaches perform better than UPGMA-based approaches
regarding to F1-scores.
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(a) Dendrogram with DFG-based approach.

(b) Graphical explanation of DFG dendrogram,
where the dotted arrow denotes the clustering
steps in dendrogram. The sector size denotes
the size of the separated cluster.

Figure 6.13: The drogram of DFG-based approach of receipt log and the graphical explanation of clustering steps, in which the small outlier clusters are first separated and then
larger ad more similar clusters are split.

frequency of clusters in this size.
Furthermore, we list the average F1-score, replay-fitness and precision results for all the
5 approaches in Table 6.2 with recomputation linkage criterion in Figure 6.12. It is interesting to note that several approaches have different tendencies in fitness and precision,
i.e., the fitness slightly increases when going deeper into the hierarchy, and the precision
gradually decreases after a rapid climb, especially the Behav.CL.(DFG) approach. Therefore, we investigate the dendrogram for DFG approach in Figure 6.13a and observe that
in the first few hierarchy levels, the dendrogram start with splitting out several ’outlier’
clusters with quite small sizes, e.g., the first three outlier clusters are of size 1, 1, 19.
And these outlier clusters have quite high precision values (≈1.0) and rather low replayfitness values, which results in the significant increase in the average precision value in
Figure 6.12c and the rapid drop in fitness value to 0.56 in Figure 6.12b. As described in
Figure 6.13b, after splitting several outlier clusters in the beginning, the algorithm then
split the remaining log into more similar clusters with larger size in the deeper hierarchy
levels, i.e., the clusters with larger size have similar loop structures as the complete log, so
the corresponding fitness values are relatively high as they can capture the behaviors of
complete log better than the outlier cluster, on the contrary, the precision values of these
larger clusters are relatively low due to the loop structures. As long as the newly-formed
clusters have higher fitness values than the average fitness of the former hierarchy level,
the average fitness of the current hierarchy level increase gradually. Similarly, the gradual
decrease in precision is explained.
After understanding the tendency of 3 quality-related values, i.e., replay-fitness, precision and F1-score, we also compare the F1-scores across these 5 approaches under the
recomputation linkage criterion in Figure 6.12a. First, it is obvious that all 5 clustering
techniques improve the average process model quality compared to the model discovered
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on the complete event log in the root hierarchy, which illustrates the benefit of applying
attribute-based hierarchical clustering. Moreover, there are differences among approaches
in F1-score. As described in Figure 6.12a, the two DMM-based and DFG-based approaches
outperform the UPGMA-based approach with the recomputation linkage in the receipt
log with responsible attribute.
Table 6.6: Runtime in secs of 5 approaches with recomputation and average linkage methods for the receipt log under responsible attribute.
Runtime(sec)

Linkage
Recomputation Linkage

Average Linkage

Rate

16.33
5.27
3480.60
703.56
37.63

4.36
5.25
701.21
705.47
14.89

∼4×
∼1×
∼5×
∼1×
∼3×

Method
Leven- DMM
Leven- UPGMA
Behav. TR.-DMM
Behav. TR.-UPGMA
Behav. CL.

(a) Leven-DMM approach.

(b) Behav.TR.-DMM approach.

(c) Behav. CL. approach.

Figure 6.14: Plots of average F1-score of models in different hierarchy levels for 3 distance
measures with two different linakge methods (recomputation and average). The labels
without ’recomputation’ in legends denote the average linkage method.
62

Chapter 6. Evaluation

The five inter-cluster distance measures we evaluated above are all based on the recomputation linkage method when we apply the hierarchical clustering algorithm in Section 4.3.
The reason we first implement the recomputation linkage method is that it always returns
us the accurate and meaningful inter-cluster distances between event logs. Therefore, we
investigate the performance difference between different linkage methods in both time and
model quality perspectives.
As described in Table 6.6, the runtime of recomputation linkage is 3 to 5 times larger
than the runtime of average linkage without recomputing for DMM- and DFG-based approaches. Because the recomputation linkage indicates that every time the new cluster is
formed, we need to recompute the inter-cluster distances between the newly-grouped cluster and all the remaining clusters with the five approaches above, which takes relatively
large computation effort. However, the average linkage method, do not require recomputation, which takes less computational effort. Compared to the DMM- and DFG-based
approaches, the runtime of UPGMA-based approaches are almost the same. The reason is
that as we explained in Section 4.3.1, using recomputation linkage for the UPGMA-based
approach is exactly equivalent to use the average linkage method for clustering. Moreover,
We observe from Table 6.6 that the runtime for 5 approaches with both linkage methods
match our time performance results of synthetic logs in Section 6.2.3, i.e., the approaches
with normalized Levenshtein distance and DFG- based approach are much faster than the
feature-vector-based approaches.
Afterwards, we inspect the impact of these two linkage methods on the F1-score of process models at different hierarchy levels under DMM- and DFG-based approaches. As
illustrated in Figure 6.14, these two linkage methods have almost the same impact on the
F1-score of process models, i.e., the average linkage method without recomputing intercluster distances also returns accurate and meaningful distances for hierarchical clustering
purpose in the case of receipt log. Therefore, when we care about the time performance
in the first priority, we can select the average linkage method for hierarchical clustering of
event logs.
Results on Different Logs
In order to evaluate our clustering techniques objectively, we also test quantitatively on
six different publicly available data sets described in Table 6.7, including the two logs we
discussed above, i.e., BPIC2017 and Receiptlog, together with BPIC 2012 log [37] and
three logs from BPIC 2018 [38]. We again measure the average replay-fitness, precision
and F1-score for models discovered based on these six different logs in different hierarchy
Table 6.7: Case attribute information of 6 publicly available event logs for quantitative
evalutaion.
Log Name
Receipt
BPIC2017-Offer
BPIC2012
BPIC2018-Control summary
BPIC2018-Payment application
BPIC2018-Geo Parcel Document

Case Attribute C a
responsible
CreditScore
AMOUNT_REQ
amount_applied0
amount_applied0
amount_applied0
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440
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levels, and we use the DFG-based inter-cluster distance measure with the recomputation
linkage for hierarchical clustering. Since the receipt log has only 39 attribute values, we
plot the first 37 hierarchy levels for all 6 logs in order to keep consistency. As depicted
in Figure 6.15, the F1-score gradually increases for all 6 event logs as we go deeper into
the hierarchy, especially the F1-score of receipt log is doubled due to clustering. As we
analyzed before, the increase in F1-score is due to the larger increase in precision values
and the relatively smaller decrease in fitness. Moreover, we also observe in Figure 6.15c
that the F1-score for some event logs do not increase a lot, e.g., the BPIC 2017-Offer
log, the reason is that the process model of complete log is already simple with high
precision, therefore, the improvement in precision value is not large compared to the
decrease in fitness by clustering. Therefore, the results strongly illustrate that by applying
our clustering techniques to split the complete log into the certain number of sublogs based
on the case attribute, we can obtain corresponding comprehensive process models with
better quality.

(a) Replay-fitness w.r.t. number of final clusters.

(b) Precision w.r.t. number of final clusters.

(c) F1-score w.r.t. number of final clusters.

Figure 6.15: Plots of average F1-score, replay-fitness and precision of models in different
hierarchy levels for 6 different logs with DFG-based approach and recomputation linkage.
By clustering, F1-score gradually increase in all logs due to the higher increase in precision.
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Conclusion
In this chapter, we conclude the main contribution of this thesis work. Afterwards, we
present limitations and potential avenues for future work.
Real-life event data usually contains different processes executed for various process execution classes. For example, the financial loan applications conducted by different customer
classes, e.g., silver, gold, platinum, etc., are typically different. Capturing and comparing these typical process executions under user-selected execution classes is important for
users to understand the complete process. However, it is impossible to compare them
manually when we encounter a large number of execution classes, e.g., individual credit
points of customers. Therefore, in this thesis, we propose a framework that realizes the
hierarchical clustering of event data based on the user-selected case attributes (process
execution classes) and returns the countable number of sublogs (sets of cases) which represent the typical processes embedded in the event data. The framework starts with slicing
the complete log into multiple initial sublogs bases on selected case attribute values. After
that, pairwise inter-cluster distances among these sublogs are calculated to measure the
behavioral similarity, and we present three different distance measures, in which two are
aggregated distance based on trace distances and one is abstract representation distance.
With these inter-cluster distances available, we cluster similar sublogs in a hierarchical
way until the required number of final clusters.
The proposed clustering framework is evaluated on both synthetic and real-life data sets.
First, the evaluation of synthetic logs shows the correctness of this framework and the advantages comparing to existing trace clustering techniques. Second, the evaluation results
on real-life event data show that first, qualitatively, our attribute-driven clustering techniques can decompose the complex original event logs into multiple comprehensive and
meaningful subsets. Second, quantitatively, the corresponding models discovered from the
clusters returned by all our techniques in the framework are of better quality than the
models directly discovered from the complete log.
Future work
First, we identify that the time performance for our distance measures, especially the
trace-based approaches with feature-vector distance, can potentially be improved by future
work. As the results show, the trace-based approaches based on Levenshtein distance is
fast and can be used in real-time computation. But the algorithm, in general, is quadratic
65

Chapter 7. Conclusion

time complexity and the formalization of behavioral feature vectors is computationally
expensive. The time performance issues could potentially be solved if we can apply some
greedy algorithms to reduce the number of iterations for distance computation.
Second, our clustering techniques focus on the behavioral distance yet, i.e., distance in
the control-flow perspective. However, other dimensions like the resources or timestamprelated features could also be taken into account for measuring the similarity between
event logs in the future. Moreover, the interactive tool implementation is a prototype
with basic functions yet, more interactive functions can be added to improve the user
interaction.
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